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Abstract

For a fixed graph H, the H-COLORING problem asks whether a given graph admits an edge-
preserving function from its vertex set to that of H. A seminal theorem of Hell and Ne3etfil asserts
that the H-COLORING problem is NP-hard whenever H is loopless and non-bipartite. A result
of Jansen and Pieterse implies that for every graph H, the H-COLORING problem parameterized
by the vertex cover number k admits a kernel with O(k®())) vertices and bit-size bounded by
O(k>H) . log k), where A(H) denotes the maximum degree in H. For the case where H is a com-
plete graph on at least three vertices, this kernel size nearly matches conditional lower bounds
established by Jansen and Kratsch and by Jansen and Pieterse.

This thesis presents new upper and lower bounds on the kernel size of H-COLORING prob-
lems parameterized by the vertex cover number. The upper bounds arise from two kernelization
algorithms. The first is purely combinatorial, and its size is governed by a structural quantity of
the graph H, called the non-adjacency witness number. As applications, we obtain kernels whose
size is bounded by a fixed polynomial for natural classes of graphs H with unbounded maximum
degree, such as planar graphs and, more broadly, graphs with bounded degeneracy. More strik-
ingly, we show that for almost every graph H, the degree of the polynomial that bounds the size
of our combinatorial kernel grows only logarithmically in A(H). Our second kernel leverages
linear-algebraic tools and involves the notion of faithful independent representations of graphs.
It strengthens the general bound from prior work and, among other applications, yields near-
optimal kernels for problems concerning the dimension of orthogonal graph representations over
finite fields. We complement our kernelization results with conditional lower bounds, thereby
nearly settling the kernel complexity of the problem for various target graphs H.
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Chapter 1

Introduction

A central concept in graph theory is that of graph homomorphisms, namely, functions from the vertex
set of one graph G to the vertex set of another graph H that map adjacent vertices in G to adjacent
vertices in H. If such a function exists, the graph G is said to be H-colorable. For a fixed graph H,
the computational H-COLORING problem asks whether a given input graph is H-colorable. One
may always assume that the target graph H is a core, i.e., a graph admitting no homomorphism
to a proper subgraph, as replacing H with a minimal core subgraph does not change the problem.
This class of problems occupies a fundamental place in computational graph theory and has been
studied extensively for decades (see, e.g., [28]). A milestone in the area is the dichotomy theorem
of Hell and Nesetfil [26], which asserts that the problem is solvable in polynomial time whenever
H has a loop or is bipartite, and is NP-hard otherwise. In recent years, H-COLORING problems
have received attention from multiple perspectives, such as algorithmic design [11} 53, 51]], com-
putational lower bounds [7], and fine-grained complexity [47, 49, 14].

This thesis investigates the family of H-COLORING problems from the perspective of parame-
terized complexity, more specifically, from the viewpoint of kernelization. Parameterized com-
plexity is a framework for analyzing decision problems whose instances are equipped with a
quantitative parameter, with the goal of determining the effect of the parameter’s value on the
problem’s computational complexity. A central theme in this field, known as kernelization or data
reduction, seeks to design efficient preprocessing algorithms that substantially reduce the input
size. These algorithms, called kernels, take an input instance (x,k), where x is the main input and
k is the parameter, and transform it in polynomial time into an equivalent instance (x’, k") whose
bit-size is bounded by f (k) for a computable function f : N — IN depending only on k. The slow-
est achievable growth rate of such a function f reflects the problem’s compressibility limits with
respect to the parameter k. In the context of graph problems, a widely-studied and ubiquitous
parameter is the size of a vertex cover, i.e., a set of vertices that includes at least one endpoint of
every edge in the graph. When H-COLORING is parameterized by the vertex cover number k, the
input consists of a graph G along with a vertex cover of G of size k.

An archetypal problem within the H-COLORING framework is the g-COLORING problem for
a fixed integer g, which has attracted persistent interest in algorithmic and complexity-theoretic
research. This problem asks whether the vertices of a given graph can be colored with g colors, so
that no two adjacent vertices share a color. It precisely coincides with the H-COLORING problem
where H is the complete graph on g vertices, and is well known to be NP-hard for ¢ > 3. The
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kernelization complexity of the -COLORING problem parameterized by the vertex cover number
k was first comprehensively studied by Jansen and Kratsch in [30] (see also [29]). They showed that
for every integer g > 3, the problem admits a kernel producing graphs with O(k7) vertices which
can be encoded in O(k7) bits. This result was subsequently refined by Jansen and Pieterse [32],
who obtained a kernel with O(k7~1) vertices and bit-size O(k7~! - log k). Remarkably, this bound
is nearly optimal, as it was proved in [30, 32] that for every integer ¢ > 3 and any real ¢ > 0, the
problem does not admit a kernel of size O(k7~!1¢) unless NP C coNP/poly, a containment that
would imply the collapse of the polynomial-time hierarchy to its third level [54].

Another captivating case of the H-COLORING problem arises from a geometric lens on graph
theory, namely, through the concept of orthogonal representations introduced by Lovasz [39] in
1979. For a positive integer d and a field FF, a d-dimensional orthogonal representation of a graph
G = (V,E) over F assigns to each vertex v € V a non-self-orthogonal vector x, € IF?, such that for
every edge {u,v} € E, the vectors x, and x, are orthogonal. Here, two vectors x,y € IF are called
orthogonal if their standard inner product (x,y) = Y%, x;y; equals zero, and a vector x € IF¢
is self-orthogonal if (x,x) = 0. The orthogonal representation is termed faithful if two vertices
u and v are adjacent in G if and only if their vectors x, and x, are orthogonal. The minimum
dimension d for which a graph admits a (faithful) orthogonal representation over [F captures an
intriguing structural property, and has found applications in combinatorics, theoretical computer
science, and information theory (see [40, Chapter 10] and, e.g., [41} 16} 4,[17, 22, [16]). This motivates
the study of the d-ORTHO-DIME problem, which, for fixed d and I, asks whether a given graph
admits a d-dimensional orthogonal representation over IF. This problem naturally fits within the
H-COLORING framework by letting H = H(F, d) be the (possibly infinite) graph whose vertices
are all non-self-orthogonal vectors in IF?, with adjacency defined by orthogonality over F. Note
that the problem is known to be NP-hard for every integer d > 3 and every field F [48]. It was
recently shown [24] that for every integer d > 3 and every field F, the d-ORTHO-DIMF prob-
lem parameterized by the vertex cover number k admits a kernel with O(k?) vertices and bit-size
O(k%), whereas for any ¢ > 0, it admits no kernel of size O(k~17¢) unless NP C coNP/poly. A
sharper upper bound was obtained in [24] for the real field IR, yielding a near-optimal kernel with
O(k?~1) vertices and bit-size O(k?~! - log k). For finite fields, however, the precise kernel complex-
ity remained unresolved, with a multiplicative gap of roughly k separating the upper and lower
bounds on the kernel size.

The near-optimal kernels for the g-COLORING problems were extended by Jansen and Pieterse
in [32] to the H-COLORING problem for arbitrary graphs H. They showed that for every graph
H, the H-COLORING problem parameterized by the vertex cover number k admits a kernel with
O(kA() vertices and bit-size O(k*) - log k), where A(H) denotes the maximum degree of a ver-
tex in H. This result was actually established in a stronger form, with respect to the less restrictive
parameter known as the twin cover number. While the bound on the kernel size from [32] is es-
sentially optimal when H is a complete graph, it is natural to ask to what extent the dependence
on the maximum degree of H captures the kernel complexity of the problem for general graphs
H. This question serves as the driving force behind our work, which explores the polynomial
behavior of the kernel complexity of H-COLORING problems parameterized by the vertex cover
number.
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1.1 Owur Contribution

The present thesis provides upper and lower bounds on the kernel size of H-COLORING problems
parameterized by the vertex cover number. Our upper bounds include two kernelization algo-
rithms: the first is purely combinatorial, and the second leverages linear-algebraic tools. Below,
we elaborate on each of them.

The Combinatorial Kernel

Our first kernel is simple and combinatorial, inspired by the strategy developed for coloring prob-
lems by Jansen and Kratsch in [30]. Consider an instance of the H-COLORING problem param-
eterized by the vertex cover number k, namely, a graph G = (V,E) and a vertex cover X C V
of G of size k. For a fixed integer ¢, the kernel starts with the subgraph of G induced by X, and
then, for every set S C X of size at most § whose vertices share a neighbor from V \ X in G,
introduces a new vertex whose neighborhood is exactly S. While the number of vertices in the
constructed graph is clearly bounded by O(k7), we prove that the correctness of the kernelization
for H-COLORING is governed by a structural quantity of the graph H, which we denote by q(H)
and refer to as the non-adjacency witness number of H.

Given a set of vertices in H that have no common neighbor, one may ask whether this can be
certified by a succinct witness, namely, a small subset that also has no common neighbor. The non-
adjacency witness number q(H) is defined as the smallest size of such a subset, whose existence
is guaranteed for every set of vertices in H with no common neighbor (see Definition . This
notion has previously been studied in the literature, with particular attention given to graphs H
with g(H) = 2 (see, e.g., [9,[19, [18]). We note that q(H) may also be formulated as the smallest
integer g for which the collection of open neighborhoods in H satisfies what is known as the
Helly property of order g (see Chapter |5 for details). Our analysis reveals that the size of the
aforementioned kernel for the H-COLORING problem parameterized by the vertex cover number
is bounded by a polynomial, whose degree is given by the non-adjacency witness number of H.

Theorem 1.1.1. For every graph H, the H-COLORING problem parameterized by the vertex cover number
k admits a kernel with O(k1H)) vertices and bit-size O (k1H)),

We remark that when applying Theorem it is sometimes useful to replace H with a core
subgraph of H. As noted earlier, this substitution does not change the problem, however, it may
reduce the non-adjacency witness number and thereby lead to a smaller kernel (see Lemma/5.1.3).

In an attempt to exploit Theorem and to compare it with the kernel of O(k®()) vertices
obtained in [32], we undertake a systematic study of the non-adjacency witness number of graphs.
Our analysis illuminates connections to fundamental graph parameters, such as maximum degree,
clique number, and degeneracy, as well as structural properties related to the presence of specific
subgraphs. By combining these insights with Theorem we obtain economical kernels for a
broad range of graphs H. In particular, as demonstrated below, we achieve kernels whose size
is bounded by a fixed polynomial for natural classes of graphs H with unbounded maximum
degree.

For a fixed integer d, consider the class of d-degenerate graphs, namely, those graphs in which
every subgraph has a vertex of degree at most d. We show that for every such graph H, its non-
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adjacency witness number satisfies g(H) < d+1, so Theoremimplies that the corresponding
H-COLORING problem parameterized by the vertex cover number k admits a kernel whose size is
bounded by O(k%*1). For planar graphs, which are known to be 5-degenerate, this yields a bound
of O(k®) on the kernel size, and via a refined analysis, we further reduce it to O(k*). Perhaps
most strikingly, we apply Theorem[I.1.1]to show that for almost every graph H, there is a kernel for
the H-COLORING problem parameterized by the vertex cover number, where the degree of the
polynomial bounding its size grows only logarithmically with the maximum degree of H. To this
end, we provide a tight estimate for the typical non-adjacency witness number of random graphs

(see Theorems and for precise statements).

The Algebraic Kernel

Our second kernel for the H-COLORING problem parameterized by the vertex cover number is
more algebraic in nature. For certain graphs H, it allows us to sharpen the kernel size from The-
orem [I.1.1]by a multiplicative linear factor. Somewhat surprisingly, the condition that makes this
improvement applicable is related to the concept of faithful orthogonal representations of graphs
(which, as described earlier, assign a non-self-orthogonal vector to each vertex, such that two ver-
tices are adjacent if and only if their vectors are orthogonal). Concretely, we show that if a graph
H admits a faithful d-dimensional orthogonal representation over some computationally efficient
field, then the H-COLORING problem parameterized by the vertex cover number k admits a kernel
with O(k%~1) vertices and bit-size O(k?~! - log k).

In fact, we obtain this kernel size under a weaker assumption on the graph H, using the con-
cept of independent representations of graphs. This notion refers to an assignment of a d-dimensional
vector to each vertex of H, so that the vector associated with each vertex does not lie in the vector
space spanned by the vectors of its neighborhood. Note that every orthogonal representation is,
in particular, an independent representation. The minimum dimension of an independent repre-
sentation of a graph over a given field characterizes a well-studied graph quantity, called minrank,
which plays a pivotal role in the study of fundamental problems in information theory, such as
Shannon capacity [20], index coding [3}52} 21], storage capacity [45], and hat guessing games [50].
For our purposes, we introduce a faithful analogue of this notion, demanding that two vertices u
and v in the graph are adjacent if and only if the vector associated with u lies in the linear subspace
spanned by the vectors of the neighborhood of v (see Definition [3.2.2). With this faithful variant
in hand, we prove the following theorem (see also Theorem [3.2.7).

Theorem 1.1.2 (Simplified). If a graph H has a faithful d-dimensional independent representation over
either a finite field or the real field R, then the H-COLORING problem parameterized by the vertex cover
number k admits a kernel with O(k?~1) vertices and bit-size O(k%~1 - log k).

A few remarks are in order here. First, it is not difficult to show that every graph H has a
faithful independent representation of dimension A(H) + 1 over any sufficiently large field (see
Lemma [3.2.6). By Theorem this implies that for every graph H, the H-COLORING problem
parameterized by the vertex cover number k admits a kernel with O(k®(H)) vertices and bit-size
O(kA(H) -logk). Therefore, Theorem strengthens the kernel bound implied by [32]. It is
worth noting that a result of Maehara and Rodl [43] asserts that every graph H has a faithful
orthogonal representation over R of dimension 2 - A(H), and it is an open question whether this
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dimension can be reduced to A(H) + 1 (see, e.g., [40, Chapter 10.4]). Thus, for Theorem to
fully subsume the kernel bound of [32], it is somewhat crucial to adopt the more flexible notion of
faithful independent representations (rather than orthogonal).

Second, we observe that for every graph H that possesses a faithful d-dimensional indepen-
dent representation over some field, the non-adjacency witness number satisfies q(H) < d (see
Lemma 3.2.3). This shows that Theorem [1.1.2improves the kernel size obtained via Theorem [I.1.1]
only when the minimum dimension of a faithful independent representation of H matches the
non-adjacency witness number of H (in fact, of a minimal core subgraph of H). This situation
arises, for example, for the aforementioned graphs H = H (FF,d), which correspond to the ex-
istence of a d-dimensional orthogonal representation over a field IF. As an application of Theo-
rem we unleash a near-optimal kernel for the d-ORTHO-DIME problems over finite fields IF,
thereby settling a question posed in [24].

Theorem 1.1.3. For every integer d > 3 and every finite field IF, the d-ORTHO-DIMy problem parame-
terized by the vertex cover number k admits a kernel with O (k1) vertices and bit-size O(k?~! - logk).

We further demonstrate the applicability of Theorem for the celebrated family of Kneser
graphs. For positive integers m and r with m > 2r, the Kneser graph K(m,r) has all r-subsets
of an m-element set as vertices, where two are adjacent if they are disjoint. It turns out that the
non-adjacency witness number of K(m,r) is m — 2r + 2, coinciding with its chromatic number
that was determined in an influential paper of Lovész [38]. By Theorem this shows that the
K(m,r)-COLORING problem parameterized by the vertex cover number k admits a kernel with
O(k™~2"+2) vertices and bit-size. To further reduce this kernel size, we prove that K(m,r) admits
a faithful (m — 2r + 2)-dimensional independent representation over any sufficiently large field,
which yields, via Theorem a kernel with O(k"~2*1) vertices and bit-size O(k" 2! . log k)
(see Theorems and . In particular, for the 3-chromatic Kneser graphs K(2r + 1, r), which
include the iconic Petersen graph K(5,2), the resulting kernel has near-quadratic size (see Fig-
ure[6.1).

The proof of Theorem [1.1.2]builds on a powerful sparsification technique that was introduced
by Jansen and Pieterse in [33] and applied in their work [32]. To illustrate this technique, consider
an instance of the H-COLORING problem parameterized by the vertex cover number, consisting of
a graph G = (V, E) and a vertex cover X C V of G. The approach begins by introducing variables
over some field F that represent an assignment of vertices from H to the vertices in X. Then,
for every vertex v € V' \ X, one constructs one or more low-degree polynomials in the variables
corresponding to its neighbors in X, which evaluate to zero if and only if v can be assigned a
compatible vertex from H. The crux is that it suffices to retain in the graph G only a subset of the
vertices in V' \ X, whose corresponding polynomials linearly span all the others. The degree of the
used polynomials determines the dimension of the entire space of polynomials, and consequently,
the resulting kernel size. This method was applied in [32], where the assignment of each vertex of
X is encoded by a set of variables representing an indicator vector over the binary field IF,.

The way we apply the machinery of [32,33] to prove Theorem is substantially different.
We rely on the existence of a faithful d-dimensional independent representation of the graph H
over some field FF, interpreting its vectors as encodings of the vertices of H. Accordingly, we
associate each vertex in the vertex cover X with a d-dimensional variable vector over IF to represent
its assignment. The kernelization algorithm first applies our combinatorial kernel to ensure that
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every vertex outside X has degree at most d. Then, it aims to reduce the number of vertices outside
X that have degree exactly d. By the definition of an independent representation, a vertex v outside
X can be assigned a compatible vertex from H only if every set of d vectors of its neighbors in X is
linearly dependent over [F. This condition can be naturally captured by requiring the determinant
polynomial over the variables corresponding to such d neighbors of v to be zero. Once the vectors
of the neighbors of v span a subspace of dimension smaller than d, the assignment of a compatible
vertex to v is essentially realized through some other vertex outside X of degree at most d — 1.

However, the degree of the determinant polynomial of a d x d matrix is d. In order to obtain
polynomials of degree d — 1, which in turn yield a kernel with O(k?~1) vertices, we use an idea
from [24, 25] and require all vectors in the faithful independent representation of H to share a
fixed value, say 1, in their first entry. When the field F is sufficiently large relative to the number of
vertices in H, this can be achieved by applying an invertible linear transformation to the vectors in
the representation to ensure that all first entries are nonzero, and then scaling them appropriately.
Over a smaller field, though, such a representation may not exist. We overcome this obstacle by
showing that if a graph has a faithful d-dimensional independent representation over some field
F, then it also has one in which all vectors have 1 as their first entry, over any sufficiently large
extension field of IF (see Lemma [3.2.5). This allows us to apply the approach described above over
such an extension field and obtain a kernel of the desired size.

Lower Bounds

Given our combinatorial and algebraic kernels for the H-COLORING problem parameterized by
the vertex cover number k, it is natural to ask how close the obtained kernel sizes come to being
optimal. As already discussed, and shown in [30, [32], when H is the complete graph on g vertices
with g > 3, the problem admits no kernel of size O(k”/_l_g) for any € > 0, unless NP C coNP/poly.
This firmly settles the kernel complexity for all cases where H, or its minimal core subgraph, is a
complete graph. Turning to other fundamental graphs, the first non-trivial case that arises is that
of odd cycles of length at least five. For every integer m > 2, it is easy to verify that the cycle
Com+1 on 2m + 1 vertices has non-adjacency witness number q(Cyy11) = 2 (see Lemma .
Consequently, Theorem yields a kernel for the Cy,,1-COLORING problem parameterized by
the vertex cover number k with O(k?) vertices and bit-size. Furthermore, neither Theorem m
nor the kernel from [32] improves upon this bound. Another notable case is the family of 3-
chromatic Kneser graphs K(2r + 1,r), for which Theoremyields a kernel with O(k?) vertices
and bit-size O(k? - log k). The following theorem indicates that, in both cases, the obtained kernel
sizes are nearly optimal.

Theorem 1.1.4. For each of the following cases, for any real number ¢ > 0, the H-COLORING problem pa-
rameterized by the vertex cover number k does not admit a kernel of size O(k*~¢) unless NP C coNP /poly.

1. H = Cypy1 for an integer m > 1.
2. H=K(2r+1,r) for an integer r > 1.

We prove Theorem in a stronger form in several respects. First, we show that the near-
quadratic lower bound persists even when the H-COLORING problem is parameterized by the
total number of vertices in the input graph. Since the entire vertex set of a graph trivially forms
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a vertex cover, this directly implies the statement above. Second, the proof encompasses not only
the graphs H stated in the theorem but also extends to various other graphs H. Specifically, the re-
sult is proved for all non-bipartite core graphs that are projective, a class that is known to cover
nearly all graphs, including prominent and well-studied graph families (see Chapter and,
e.g., [35]). Third, as is standard in such results, the lower bound applies to the compressibility
of the H-COLORING problem into any target problem, not necessarily itself. Our generalized re-
sult is stated as follows.

Theorem 1.1.5. For every non-bipartite projective core graph H and for any real number € > 0, the
H-COLORING problem parameterized by the number of vertices n does not admit a compression of size
O(n?~¢) unless NP C coNP/poly.

The proof of Theorem is based on a compression lower bound, due to Chen, Jansen,
Okrasa, Pieterse, and Rzazewski [5], for a variant of H-COLORING called Li1sT-H-COLORING. In
this variant, the input consists of a graph G along with a list of allowed vertices of H for each
vertex of G, and the goal is to decide whether there exists a homomorphism from G to H that
respects these lists (see Definition £.1.1). This problem generalizes the standard H-COLORING
problem, which corresponds to the special case where all lists are equal to the full vertex set of
H. Feder, Hell, and Huang [10] introduced a class of geometric intersection graphs, called bi-arc
graphs, and used this class to fully characterize the complexity of the LIST-H-COLORING prob-
lem. They showed that the problem is solvable in polynomial time if H is bi-arc, and NP-hard
otherwise. Chen et al. [5] proved that, unless NP C coNP/poly, the LIST-H-COLORING problem
parameterized by the number of vertices admits no sub-quadratic compression for any H that
is not bi-arc (see Theorem [£.1.2). They also posed the question of whether such a lower bound
holds for the (non-list) H-COLORING problem, when H is loopless and non-bipartite. As a step
toward this challenge, Theorem confirms the lower bound for the substantial class of non-
bipartite projective core graphs H. To this end, we show that for such graphs H, instances of
L1sT-H-COLORING can be efficiently reduced into instances of H-COLORING, with the number
of vertices preserved up to a multiplicative constant. The proof borrows a gadget construction
due to Okrasa and Rzazewski [47] and echoes early NP-hardness proofs for H-COLORING prob-
lems [46, 44], as well as recent lower bounds in fine-grained complexity [47, 49].

When the H-COLORING problems are parameterized by the number of vertices, they admit
a trivial kernel of quadratic size. Therefore, the lower bounds implied by Theorem for the
vertex cover parameterization are limited to the near-quadratic regime. To surpass this barrier,
we establish a lower bound on the kernel size of the H-COLORING problem parameterized by the
vertex cover number for all non-bipartite projective core graphs H with g(H) > 4. We show that,
for each such graph H, the degree of any polynomial that bounds the kernel size is unlikely to be
smaller than the non-adjacency witness number of H minus one.

Theorem 1.1.6. For every non-bipartite projective core graph H with g(H) > 4 and for any real number
€ > 0, the H-COLORING problem parameterized by the vertex cover number k does not admit a compression
of size O (k1H)=1=¢) ynless NP C coNP /poly.

We note that the lower bound stated in Theorem is reasonably close to our upper bounds.
Indeed, for every non-bipartite projective core graph H with q(H) > 4, the upper bound given in
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Theorem exceeds the lower bound from Theorem by only a near-linear multiplicative
factor. Since almost all graphs are non-bipartite projective cores, our results determine the kernel
complexity of the problem up to a near-linear factor for almost every graph H. Furthermore, if a
non-bipartite projective core graph H admits a faithful independent representation of dimension
q(H) > 4 over a computationally efficient field, then the kernel given in Theorem[1.1.2essentially
meets the lower bound (see also Theorem . As an illustrative consequence, we derive that
the kernel sizes we achieve for all non-bipartite Kneser graphs are nearly tight (extending Item
of Theorem see Theorem [6.3.3). The proof of Theorem relies on lower bounds on the
compression size of certain satisfiability problems, extends the approach developed in [30] for
coloring problems, and incorporates the aforementioned gadget construction from [47].

1.2 Outline

The rest of the thesis is organized as follows. In Chapter 2} we collect several definitions and facts
that will be used throughout the thesis. In Chapter 3} we present and analyze our combinatorial
and algebraic kernels for the H-COLORING problem parameterized by the vertex cover number,
thereby proving Theorems and In Chapter 4, we obtain lower bounds on the compres-
sion size of H-COLORING problems with respect to two parameterizations, the number of vertices
and the vertex cover number, confirming Theorems|[I.1.5/and[1.1.6] In Chapter[5, we conduct a sys-
tematic study of the non-adjacency witness number of graphs. In Chapter[6}, we apply the results
from the previous chapters and present concrete upper and lower bounds on the kernel complex-
ity of H-COLORING problems parameterized by the vertex cover number for various graphs H. In
particular, we confirm Theorems and therein. Concluding remarks and open questions
appear in the final Chapter[7]
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Chapter 2

Preliminaries

Throughout the thesis, we omit floor and ceiling signs when they are not crucial, and all loga-
rithms are in base 2. For a positive integer n, we write [n] to denote the set {1,2,...,n}.

2.1 Graphs

The graphs considered in this thesis are, unless stated otherwise, finite and simple, meaning they
have no loops or parallel edges. When loops are allowed, this is stated explicitly, and we treat
them as edges of the form {v} for a vertex v. For a graph G = (V,E) and aset X C V, we let
G[X] denote the subgraph of G induced by X. The set X is called a cligue when the graph G[X] is
complete, and a vertex cover when the graph G[V \ X] is edgeless. For a vertex v € V, we let Ng(v)
denote the set of neighbors of v in G. As is customary, we denote by A(G) the maximum degree of
avertex in G, and by w(G) the maximum size of a clique in G. For a positive integer d, a graph G
is called d-degenerate if every subgraph of G has a vertex of degree at most d. A graph is planar if it
can be drawn in the plane without any edges crossing, except at their endpoints. It is well known
that every planar graph is 5-degenerate. The chromatic number of a graph is the minimum number
of colors needed for a vertex coloring in which no two adjacent vertices share a color.

For two graphs G = (V, Eg) and H = (Vy, Ey), possibly with loops, a homomorphism from
G to H is a mapping f : Vg — Vpy such that for all vertices u,v € Vg with {u,v} € Eg, it holds
that {f(u), f(v)} € Ep. If there exists a homomorphism from G to H, the graph G is said to be
H-colorable. When G and H are simple, an isomorphism from G to H is a bijection f : Vg — Vp such
that for all vertices u,v € Vg, it holds that {u, v} € Eg if and only if {f(u), f(v)} € Ey. If such
an isomorphism exists, G and H are said to be isomorphic. An isomorphism from a graph to itself
is called an automorphism. A core of a graph G is a graph H with a minimum number of vertices,
such that there exist homomorphisms from G to H and from H to G. It is known that a core of a
graph G is isomorphic to an induced subgraph of G. A graph is called a core if it is a core of itself.
It is well known that a graph is a core if and only if every homomorphism from the graph to itself
is an automorphism. For a detailed exposition of cores, see, e.g., [27].

We introduce here a few important families of graphs. For a positive integer m, we denote
by K, and C,, the complete and cycle graphs on m vertices, respectively. For positive integers m
and r with m > 2r, the Kneser graph K(m,r) is defined as the graph whose vertex set consists of
all r-subsets of [m], where two vertices are adjacent if and only if the corresponding subsets are

11
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disjoint.

2.2 Linear Algebra

For a field F and an integer d, two vectors x,y € F? are said to be orthogonal if (x,y) = 0, with
respect to the standard inner product defined by (x,y) = Y%, x;y;, where all operations are per-
formed over F. A vector x € F? is self-orthogonal if (x,x) = 0, and non-self-orthogonal otherwise.
We denote by x! the transpose of the column vector x, and use the same notation for the transpose
of a matrix.

The order of a finite field is the number of its elements. It is well known that the order of any
finite field is a prime power, and that every prime power is the order of some finite field. For two
fields IF and K, we say that K is an extension field of IF if F C K and the operations of IF agree with
those of K when restricted to elements in IF. A finite field of order p™, for a prime p and a positive
integer 11, has an extension field of order p™ for every integer m’ > m.

A multivariate polynomial over a field IF is called homogeneous of degree d if each of its mono-
mials has degree d, and is called multilinear if each of them forms a product of distinct variables.
The set of all multilinear homogeneous polynomials of degree d in n variables over a field IF forms
a vector space over IF of dimension (J)).

2.3 Parameterized Complexity

We collect here basic definitions on kernelization from the field of parameterized complexity. For
an in-depth introduction to the topic, the reader is referred to, e.g., [12].

A parameterized problem is a set Q C X* x IN for some finite alphabet X. A compression (also
known as generalized kernel) for a parameterized problem Q C X* x IN into a parameterized
problem Q' C X* x N is an algorithm that given an instance (x,k) € £* x IN returns in time
polynomial in |x| + k an instance (x/, k") € £* x N, such that (x, k) € Qif and only if (x', k") € Q/,
and in addition, |x'| + k" < h(k) for some computable function . The function 4 is called the size
of the compression. If |X| = 2, the function £ is called the bit-size of the compression. When we
say that a parameterized problem Q admits a compression of size i, we mean that there exists a
compression of size h for Q into some parameterized problem. A compression for a parameterized
problem Q into itself is called a kernelization, or simply a kernel, for Q.

A transformation from a parameterized problem Q C >* x N into a parameterized problem
Q' C ©* x N is an algorithm that given an instance (x,k) € £* x IN returns in time polynomial
in |x| + k an instance (¥, k') € * x N, such that (x,k) € Q if and only if (x',k') € Q/, and in
addition, K’ < h(k) for some computable function h. If & is linear, the transformation is called
linear-parameter.

For a fixed graph H, the computational H-COLORING problem asks to decide whether an
input graph G is H-colorable. When parameterized by the vertex cover number, the input further
includes a vertex cover of G, whose size is the parameter of the problem. While this definition is
standard and convenient, we note that including the vertex cover X in the input is not essential,
as X can be replaced by a vertex cover of G computed via an efficient 2-approximation algorithm.



Chapter 3

Kernels for H-COLORING

In this chapter, we present and analyze our kernelization algorithms for the H-COLORING prob-
lem parameterized by the vertex cover number. We begin with a combinatorial kernel, whose size
is governed by the non-adjacency witness number of H, and then proceed to an algebraic kernel,
whose size is bounded in terms of the dimension of a faithful independent representation of H.

3.1 The Combinatorial Kernel

The non-adjacency witness number of a graph measures the smallest number of vertices needed
to certify that a given set of vertices has no common neighbor. We formally define it below and
study it in detail in Chapter

Definition 3.1.1. The non-adjacency witness number of a graph G = (V,E), denoted q(G), is the
smallest positive integer q such that for every set T C V of vertices with no common neighbor in G, there
exists a set T' C T of size |T'| < q with no common neighbor in G.

A main ingredient of our combinatorial kernel is the following lemma.

Lemma 3.1.2. Let H = (Vy, Eg) be a graph, and let q be an integer satisfying q > q(H). Consider a
graph G = (V,E) and a vertex cover X C V of G of size k. Define G' = (V',E) as the graph obtained
from G[X] by adding, for every non-empty set S C X of size at most q such that S C Ng(v) for some
v € V\ X, a vertex vg adjacent to the vertices of S. Then the following holds.

1. The set X forms a vertex cover of G'.
2. The number of vertices in G' is at most k + Y-0_, (%).
3. The graph G’ can be encoded in (§) +Y1_ (]f) bits.

4. The graph G is H-colorable if and only if the graph G’ is H-colorable.

Proof: By the definition of the graph G/, every edge of G’ connects either two vertices of X or a
vertex of X to a vertex vg, hence X forms a vertex cover of G'. It also follows from the definition
that the number of vertices in G’ does not exceed k + Y7, (]l‘ ). Additionally, G’ can be represented
by a binary string that expresses the adjacencies inside G[X] as well as whether the vertex vg is

13



CHAPTER 3. KERNELS FOR H-COLORING 14

included in G’ or not, for each non-empty set S C X of size |S| < 4. Therefore, the graph G’ can
be encoded in (]5) +yl, (I:) bits.

It remains to prove the fourth item of the lemma, namely, that the graph G is H-colorable if
and only if the graph G’ is H-colorable. Suppose first that G is H-colorable, and let f : V — Vg
be a homomorphism from G to H. Consider the function f' : V' — Vp defined as follows. First,
for every vertex u € X, let f'(u) = f(u). Since every edge of G'[X] is also an edge of G[X], its
endpoints are mapped by f’ to adjacent vertices in H. Now, every vertex in V' \ X has the form vg
foraset S C X of size |S| < g, where there exists a vertex v € V \ X with S C Ng(v). We define
f'(vs) = f(v) for such a vertex v. Since f and f’ agree on X, it follows that f'(vs) is adjacent in H
to f'(u) for all vertices u € S = Ng/(vs). We thus obtain that f’ is a homomorphism from G’ to H,
so G’ is H-colorable.

For the converse direction, suppose that G’ is H-colorable, and let f' : V' — Vp be a homo-
morphism from G’ to H. Consider the function f : V — Vy defined as follows. First, for every
vertex u € X, let f(u) = f'(u). Since every edge of G[X] is also an edge of G'[X], its endpoints
are mapped by f to adjacent vertices in H. Next, consider any vertex u € V \ X. Since X is a
vertex cover of G, all the neighbors of u lie in X. We claim that there exists a vertex in H that is
adjacent to all vertices f(v) with v € Ng(u). To see this, let T = {f(v) | v € Ng(u)}, and suppose
for contradiction that the vertices of T have no common neighbor in H. By the definition of the
non-adjacency witness number, there exists a non-empty set ' C T of size |T'| < q(H) < g with
no common neighbor in H. Notice that there also exists a non-empty set S C Ng(u) of size |S| < g
such that T" = {f(v) | v € S}. However, the graph G’ includes the corresponding vertex vg,
which is mapped by f’ to a vertex in H that is adjacent to all vertices of T’, a contradiction. This
shows that the set T must admit a common neighbor in H, allowing us to define f(u) as such a
neighbor. It follows that f is a homomorphism from G to H, so G is H-colorable, as desired. [ ]

We are ready to derive Theorem which states that for every graph H, the H-COLORING
problem parameterized by the vertex cover number k admits a kernel with O(k7()) vertices and
bit-size O(k7()). Consequences for concrete graph classes appear in Chapter @

Proof of Theorem[L.1.1} Let H = (Vy, Ey) be a fixed graph, and set g = g(H). If H is edgeless,
then the H-COLORING problem is equivalent to determining whether an input graph is edgeless,
and is thus solvable in polynomial time. Therefore, we may and will assume that H has at least
one edge, which easily implies that 4 > 2 (see Lemma 5.1.1)).

The input of the H-COLORING problem parameterized by the vertex cover number k consists
of a graph G = (V,E) and a vertex cover X C V of G of size | X| = k. Consider the kernelization
algorithm that, given such an input, produces the graph G’ = (V’, E’) defined as in Lemma[3.1.2
that is, the graph obtained from G[X] by adding, for every non-empty set S C X of size |S| < g
such that S C Ng(v) for some v € V '\ X, a vertex vg adjacent to the vertices of S. Then, the
algorithm returns the graph G’ along with the set X.

The analysis of the algorithm is based on Lemma By Item [I]of the lemma, the set X forms
a vertex cover of G/, so the pair (G, X) produced by the algorithm is a valid output. By Item
the number of vertices in G’ satisfies |V/| < k+ Y], ('f) < O(k7), and by Item [3, the number of
bits needed to encode G’ is at most (£) + Y7, ('Z‘), which is O(k7) since g > 2. Item@ensures the
correctness of the kernelization algorithm. Finally, since g is a fixed constant, one can enumerate
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all subsets of X of size at most g and construct the graph G’ in polynomial time. The proof is now
complete. =

3.2 The Algebraic Kernel

Our algebraic kernel for the H-COLORING problem parameterized by the vertex cover number
uses the notion of independent representations, a generalization of orthogonal representations of
graphs.

3.2.1 Orthogonal and Independent Graph Representations
We begin with formal definitions of these two representation types.

Definition 3.2.1. A d-dimensional orthogonal representation of a graph G = (V,E) over a field F
is an assignment of a vector x, € F? with (x0,xy) # 0 to each vertex v € V, such that for all vertices
u,v € V,if{u,v} € E then (xy, x,) = 0. The orthogonal representation is called faithful if for all vertices
u,v € V, it holds that {u,v} € E if and only if (x,, x,) = 0.

Definition 3.2.2. A d-dimensional independent representation of a graph G = (V,E) over a field F
is an assignment of a vector x, € F? to each vertex v € V, such that for every vertex v € V, it holds
that x, ¢ span({xy | w € Ng(v)}). The independent representation is called faithful if for all vertices
u,v € V, it holds that {u,v} € E if and only if x,, € span({x, | w € Ng(v)}). Notice that the forward
implication holds trivially.

We note that all vectors in an independent representation of a graph are nonzero. It can be ver-
ified that a graph has a 2-dimensional independent representation over a field if and only if it is
bipartite.

Remark 1. Every (faithful) orthogonal representation of a graph G = (V,E) over a field F is also a
(faithful) independent representation of G over IF. To see this, consider an orthogonal representation (xy)yecy
of G over IE. For each vertex v € V, the vector x, is orthogonal to the vectors x,, with w € Ng(v), and thus
to the subspace they span, but not to itself, so x, ¢ span({x, | w € Ng(v)}). This shows that (xy)yecy
forms an independent representation of G. If the orthogonal representation (xy)ycy of G is faithful, then for
all vertices u,v € V with {u,v} & E, the vector x, is not orthogonal to x,, but is orthogonal to the vectors
Xy With w € Ng(v), implying that x,, ¢ span({xy | w € Ng(v)}). This confirms that (x,)yey forms a
faithful independent representation of G in this case.

We proceed by presenting several lemmas that will be used in the analysis of the algebraic
kernel. The first lemma shows that the dimension of any faithful independent representation of a
graph forms an upper bound on its non-adjacency witness number (recall Definition 3.1.1).

Lemma 3.2.3. For a graph G, a positive integer d, and a field F, if G has a faithful d-dimensional indepen-
dent representation over IF, then q(G) < d.

Proof: Let G = (V,E) be a graph, and let (x;),cy be a faithful d-dimensional independent rep-
resentation of G over a field F. To prove that g(G) < d, consider a set T C V of vertices with no
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common neighbor in G, and let W = span({x, | u € T}) be the subspace spanned by their associ-
ated vectors. Define T’ C T as a subset of vertices of T whose associated vectors form a basis of W,
and note that W = span({x, | u € T'}). Since the subspace W lies in IF¥, we clearly have |T'| < d.
We claim that the vertices of T" have no common neighbor in G. Indeed, suppose for contradiction
that there exists a vertex v € V adjacent to all vertices of T'. Then, for every vertex u € T’, it holds
that x, € span({x, | w € Ng(v)}), and thus W C span({xy | w € Ng(v)}). This implies that
for every vertex u € T, it holds that x, € W C span({xy | w € Ng(v)}), so by the faithfulness of
the given representation, u must be adjacent to v in G. Therefore, v is a common neighbor of the
vertices of T, contradicting our assumption. To conclude, every set of vertices with no common
neighbor in G has a subset of size at most d with no common neighbor, so q(G) < d, as desired. m

We next show that faithful independent representations are invariant under invertible linear
transformations over extension fields.

Lemma 3.2.4. Let G = (V,E) be a graph, and let F C K be fields such that K is an extension field of
IF. For a positive integer d, let (xy),cy be a faithful d-dimensional independent representation of G over
F, and let A € K%*? be an invertible matrix. Then (Ax,)vey is a faithful d-dimensional independent
representation of G over K.

Proof: Let A € K%*? be an invertible matrix. We first observe that if ¢ vectors x,...,x, € F?
are linearly independent over [, then the vectors Axy,..., Ax, € K are linearly independent
over K. To see this, complete x1,...,x, to a basis of F¢, and let B € F?*? denote the matrix
whose columns form this basis. Since the determinant of B over [F is nonzero, it remains nonzero
when interpreted over K. This implies that the first £ columns of B, namely xi, ..., x,, are linearly
independent over K. Now, suppose that Ele w;Ax; = 0 for some coefficients aq,...,a, € K.
It follows that A - Yf_; a;x; = 0, and by the invertibility of A, we get that ¥_¢_; a;x; = 0. Since
X1, ..., % are linearly independent over K, we conclude that a; = 0 for all i € [¢], as required.
Now, let (x5 ),y be a faithful d-dimensional independent representation of G over FF. To prove
that (Axy)ycy is a faithful independent representation of G over K, consider two non-adjacent
vertices u and v in G. Define W, = span({x, | w € Ng(v)}) C F¢, and let S C Ng(v) be a set of
neighbors of v such that the vectors x;, with w € S form a basis of W,. Since the given independent
representation is faithful, it follows that x, ¢ W,, so the set {x,} U {x, | w € S} is linearly
independent over [F. By the observation above, this implies that the set { Ax, } U {Axy | w € S} is
linearly independent over K. Hence, Ax, ¢ span({Ax;, | w € S}) = span({Axy, | w € Ng(v)}),
and we are done. [

We now show that any faithful independent representation over a field can be transformed,
over any sufficiently large extension field, into one of the same dimension in which all vectors
start with 1.

Lemma 3.2.5. Let G = (V, E) be a graph, let d be a positive integer, and let F C K be fields such that K is
an extension field of F with |K| > |V|. If G has a faithful d-dimensional independent representation over
IF, then it also has a faithful d-dimensional independent representation over K, in which all vectors have 1
as their first entry.
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Proof: Let (xy),cv be a faithful d-dimensional independent representation of G over [F. We first
show that there exists a vector y & K4 such that (y,xp) # 0forall v € V. This is proved using
the probabilistic method. By |K| > |V|, one can choose a set K C K such that |K| = |V| + 1. Let
y € K? be a random vector whose entries are chosen uniformly and independently from K. We
observe that for each vertex v € V, the probability that (y, x,) = 0 is at most ‘}(—‘ To see this, let
j € [d] be an index for which the jth entry of x, is nonzero. Then, for any fixed values of y; with
i € [d]\ {j}, there is at most one choice for y; such that (y,x,) = 0. By the union bound, the

probability that there exists a vertex v € V such that (y, x,) = 0is at most % = “l‘(-i'-l < 1, so with
positive probability, the inequality (y, x,) 7 0holds for all v € V. This implies the existence of the
desired vector y.

Now, fix a vector y € K as above, satisfying (v, x,) # 0 for all v € V. Since y is nonzero,
there exists an invertible matrix A € K%*? whose first row is 4. By Lemma m the assignment

(Axy)yev forms a faithful d-dimensional independent representation of G over K. Note that for

each vertex v € V, the first entry of Ax;, is (y, xy), and is thus nonzero. We may therefore scale
each such vector to make its first entry equal to 1, obtaining the desired faithful independent
representation of G over K. |

We finally observe that every graph admits a faithful independent representation of dimension
one greater than its maximum degree over any sufficiently large field.

Lemma 3.2.6. Let G = (V, E) be a graph, let FF be a field with |F| > |V|, and set d = A(G) + 1. Then G
has a faithful d-dimensional independent representation over IF.

Proof: Foragraph G = (V,E),setd = A(G)+1andn = |V|,and let vy, ..., v, denote the vertices
of G. Let FF be a field with |F| > n, and let ay,...,a, € F denote n distinct field elements. For
each i € [n], assign to the vertex v; the vector x,, = (1, 4;, ocl.z, .. .,af_l)t € 4. Observe that any
d vectors in the assignment (x;),cv form the columns of an invertible Vandermonde matrix, and
are therefore linearly independent over [F. We claim that the assignment (x;),cy forms a faithful
d-dimensional independent representation of G over F. To verify this, consider indices i, € [n]
for which the vertices v; and v; are not adjacent in G, and let W = span({x, | v € Ng(vj)}). The
degree of v; does not exceed A(G), so the subspace W is spanned by at most d — 1 vectors x, with
v € V\ {v;}. Since any d vectors x, with v € V are linearly independent, it follows that x,, ¢ W,
which completes the argument. |

Remark 2. We conclude this chapter with the observation that the existence of a faithful d-dimensional
independent representation of a graph G = (V, E) over a sufficiently large field IF is equivalent to the
existence of a matrix M € FIVIXIVI of rank at most d, with rows and columns indexed by the vertex set
V, such that for all u,v € V, it holds that {u,v} € E if and only if M., = 0 (in particular, all diagonal
entries of M are nonzero). To see this, consider such a matrix M, and write M = Xty for two matrices
X,Y € F*IVI. For each vertex v € V, let x, and y,, denote, respectively, the columns of X and Y associated
with v. If u and v are non-adjacent vertices in G, then (x,, ) # 0, whereas for every vertex w € Ng(v),
it holds that (xy,Y,) = 0, implying that x,, ¢ span({xy, | w € Ng(v)}). Therefore, the assignment
(xv)vev forms a faithful d-dimensional independent representation of G over IF. Conversely, suppose that
G has a faithful d-dimensional independent representation (x,)yecv over F. Assuming that IF is sufficiently
large, say |IF| > |V|, a simple probabilistic argument shows that for every vertex v € V, there exists a
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vector 1y, € F such that for every vertex u € V, (xy,y») = 0ifand only if {u,v} € E. Let X,Y € FaxIV]
denote the matrices whose columns corresponding to each vertex v are x, and y,, respectively. Then the
matrix M = X" - Y has rank at most d, and it holds that {u,v} € E if and only if My, = 0 for all vertices
u,v € V,as required.

3.2.2 The Algorithm

We are ready to present our algebraic kernel and confirm Theorem To state the result in
full generality, we borrow the following terminology from [33]. A field is said to be efficient if
tield operations and Gaussian elimination can be performed in polynomial time in the size of a
reasonable input encoding. Note that all finite fields and the real field R (restricted to rational
numbers) are efficient.

Theorem 3.2.7. For a graph H, a positive integer d, and an efficient field IF, suppose that there exists a
faithful d-dimensional independent representation of H over IF. Then the H-COLORING problem parame-
terized by the vertex cover number k admits a kernel with O(k“~1) vertices and bit-size O(k?~! - log k).

Proof: Consider a graph H = (Vy, Ey), a positive integer d, and an efficient field FF, such that H
has a faithful d-dimensional independent representation over [F. We may assume that d > 3, as
otherwise H is bipartite, and the H-COLORING problem can be solved in polynomial time. We
define a field K as follows. If F is finite, then we choose K to be some finite extension field of
IF whose order exceeds |Vy| (e.g., a finite field of order |F|’ for the smallest positive integer ¢
satisfying |FF|* > |Vj|). If F is infinite, then KK is simply taken to be IF. In both cases, the field K is
efficient and satisfies |K| > |Vy].

The input of the H-COLORING problem parameterized by the vertex cover number k consists
of a graph G = (V,E) and a vertex cover X C V of G of size | X| = k. Consider the kernelization
algorithm that, given such an input, performs the following steps.

1. Produce the graph G’ = (V',E’) defined as in Lemma for ¢ = d. Namely, G’ is the
graph obtained from G[X] by adding, for every non-empty set S C X of size |S| < d such
that S C Ng(v) for some v € V' \ X, a vertex vg adjacent to the vertices of S.

2. Associate with each vertex u € X a d-dimensional symbolic vector y, over the field K, where
the first entry of y, is fixed to 1 and the remaining d — 1 entries are free variables. Note that
the total number of variables is k - (4 — 1).

3. Consider the collection Y of all sets S C X of size precisely d for which the vertex vg is
included in the graph G/, i.e, Y = {S C X | vg € V', |S| = d}. For each such set S € Y,
define a polynomial ps over the variables of (y,),cx as the determinant over the field K of
a d x d matrix whose columns are the vectors y, with u € S (ordered arbitrarily).

4. Consider the subspace of polynomials W = span({ps | S € Y}), and compute aset Y’ C Y
such that the polynomials in {ps | S € Y’} form a basis of W.

5. Let G” = (V”,E") be the graph obtained from G’ by removing all vertices vs with S € Y\ Y,
and return it along with the set X.
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Let us emphasize that the given independent representation of H is not used by the algorithm
itself, but it plays a crucial role in its correctness proof. Yet, the algorithm uses the field K, over
which it computes the polynomials ps for S € Y and a basis of the subspace W.

We now analyze the algorithm and show that it satisfies the assertion of the theorem. First,
by Item (1| of Lemma the set X forms a vertex cover of G/, and so also forms a vertex cover
of its subgraph G”. Therefore, the pair (G”, X) produced by the algorithm is a valid output.
The vertex set of G” consists of the k vertices of X, vertices vg with |S| < d — 1, whose number
is at most 2?2_11 (]f), and the vertices vg with S € Y. To bound the size of Y/, we observe that
each polynomial ps with S € Y is multilinear and homogeneous of degree d — 1. Indeed, the
determinant polynomial of a d x d matrix is a linear combination of monomials of degree d, where
each monomial is a product of exactly d entries, one from each row. Since ps is defined as the
determinant of a d x d matrix, whose first-row entries are all ones and all other entries are distinct
variables, it follows that ps has the required form. This implies that W is a subspace of the space
of multilinear homogeneous polynomials of degree d — 1in k - (d — 1) variables, whose dimension

is (k'gdjll)). Since the size of a basis of such a subspace cannot exceed the dimension of the ambient

space, it follows that |Y'| < (k'((;l:ll)). We obtain that the number of vertices in G” satisfies

V| < k+di1 (f) + (k;d__ll)> <Ok 1),

i=1

where the last inequality holds because d is a fixed constant. The graph G” can be expressed
by a binary string that represents the adjacencies in G”[X] and the sets S C X with |S| < d for
which the vertex vs is included in G”. Since each such set S can be encoded in d - [logk] bits,
the total number of bits needed to encode G” does not exceed (5) + |V \ X| - d - [logk], which
is bounded by O(k?~! - logk), given that 4 > 3. We further notice that G can be constructed
in polynomial time. Indeed, the construction of G’ involves enumerating all subsets of X of size
at most d. Then, to determine the vertices retained in G”, we compute the set Y’ by applying
Gaussian elimination over the efficient field K on a system with (k'gd:ll)) variables, which can be
performed in polynomial time.

We turn to proving the correctness of the algorithm, namely, that G is H-colorable if and only
if G" is H-colorable. By assumption, the graph H has a faithful d-dimensional independent rep-
resentation over FF. Since K is an extension field of F with |K| > |Vy|, Lemma implies that
H also has a faithful d-dimensional independent representation (x;)ev,, over K, in which all vec-
tors have 1 as their first entry. By Lemma we have q(H) < d, which allows us to apply
Item {4 of Lemma and conclude that the graph G is H-colorable if and only if the graph G’ is
H-colorable. It is thus sufficient to prove that G’ is H-colorable if and only if G” is H-colorable.
Since G” is a subgraph of G/, it is clear that if G’ is H-colorable then so is G”. It remains to show
that if G” is H-colorable, then so is G'.

Suppose that the graph G” is H-colorable, and let f” : V' — Vy be a homomorphism from G”
to H. We define an assignment p of elements from K to the variables of (y,),cx by assigning to
each variable vector y, the vector xsn(,) from the given independent representation over K. Note
that this is possible because the first entry in y, is 1, just as in xn(,), while the other entries in y,
are free variables. We claim that for every set S € Y, the polynomial ps defined in Item [3| of the
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algorithm vanishes at the assignment p. It suffices to verify this only for sets S € Y’, since the set
{ps | S € Y'} forms a basis of the subspace W = span({ps | S € Y}). Consider aset S € Y/, and
recall that the vertex vg is adjacent in G” to the vertices of S, hence f(vg) is adjacent in H to all
vertices f”(u) with u € S. By the definition of an independent representation, the vector x ()
does not lie in the linear subspace spanned by the vectors xn(,) with u € S. In particular, the
dimension of this subspace is strictly smaller than d, so the determinant of a d x d matrix whose
columns are the vectors xn(,) with u € S is zero. This implies that ps evaluates to zero at the
assignment p, as desired.

We now show that there exists a homomorphism f’ : V' — Vg from G’ to H. We start by
defining f'(u) = f"”(u) for each u € X. Since every edge of G'[X] is also an edge of G"[X],
its endpoints are mapped by f’ to adjacent vertices in H. Next, for every vertex vs in G’ with
|S| <d—1,set f'(vs) = f"(vs). Since the neighborhood of such a vertex vg is contained in X and
is identical to its neighborhood in G”, the vertex f'(vs) is adjacent in H to all the images under f’
of the neighbors of vs in G'. It remains to show that for every set S € Y, the vertex vg in G’ can be
assigned a vertex in H that is adjacent to all vertices f'(u) with u € S.

To see this, consider a set S € Y, and recall that |S| = d and that the polynomial pg vanishes
at the assignment p described above. Therefore, the vectors of {x/(,) | w € S} span a subspace of
dimension smaller than d, so there exists a non-empty set S’ C S of size |S’| < d — 1 such that the
vectors of {xf () | w € S’} span the exact same subspace. Since the vertex vs is included in G, it
follows that S C Ng(v) forsomev € V\ X,soby §’ C S, the vertex vg is included in G’ as well as
in G”. We define f'(vs) = f”(vs ), and show that f”(vs ) is adjacent in H to all vertices f’(u) with
u € S. Indeed, for every vertex u € S, it holds that

%) € span({xp(a) | © € §}) = span({xyw) | w € ') € span({xo | © € Nu(f"(05))}), (.1)

where the containment holds because the vertices of S’ are adjacent in G" to vy, so they are
mapped by f”, and thus by f’, to neighbors of f”(vs) in H. By the faithfulness of the given
independent representation of H, it follows from that the vertices f'(u) and f”(vs) are ad-
jacent in H. We conclude that f”(vg/) is adjacent in H to all vertices f'(u) with u € S, as desired.
This gives us a homomorphism from G’ to H, implying that G’ is H-colorable, as required. n

We end this chapter with the observation that Theorem strengthens the kernelization
bounds implied by the prior work [32]. Indeed, by Lemma every graph H has a faithful
independent representation of dimension A(H) + 1 over, for instance, the real field R. Invoking
Theorem yields a kernel for the H-COLORING problem parameterized by the vertex cover
number k with O(k*(")) vertices and bit-size O(k*(") - logk). As illustrated in Chapter @ the
kernel obtained via Theorem is sometimes markedly more compact.



Chapter 4

Lower Bounds

This chapter establishes conditional lower bounds on the compressibility of H-COLORING prob-
lems parameterized by the number of vertices and by the vertex cover number. As previously
mentioned, it suffices to consider target graphs H that are non-bipartite cores. We focus here on
the case where the graph H is projective. While the definition of projective graphs can be found
in [36]], we rely solely on a key property proved by Okrasa and Rzazewski [47], stated as follows.

Proposition 4.0.1 ([47, Lemma 4.1]). For every projective core graph H = (Vy, Eyy) with |Vy| > 3,
there exists an edge gadget, that is, a graph F = (V, Ep) with two specified vertices a,b € Vg, such that
for all pairs of vertices u,v € Vy, there exists a homomorphism g : Vg — Vi from F to H with g(a) = u
and g(b) = v ifand only if u # v.

Interestingly, it was further shown in [47] that, for connected core graphs on at least three vertices,
projectivity is a necessary condition for the existence of an edge gadget. To illustrate this notion,
one may verify that for every positive integer m, the path graph on 2m vertices, with its endpoints
serving as the specified vertices, forms an edge gadget for the cycle Cy,,41 (see, e.g., [46]).

4.1 Parameterization by Number of Vertices

Our starting point is the LIST-H-COLORING problem, defined as follows.

Definition 4.1.1. For a fixed graph H = (Vy, Ey), which may include loops, the L1ST-H-COLORING
problem is defined as follows. The input consists of a graph G = (V,E) and a list L(v) C Vg for each
vertex v € V, and the goal is to decide whether there exists a homomorphism f : V. — Vy from G to H such
that f(v) € L(v) for all v € V. When parameterized by the vertex cover number, the input also includes a
vertex cover of G, and its size serves as the problem’s parameter.

Feder et al. [10] showed that the LI1ST-H-COLORING problem is solvable in polynomial time
if H is a bi-arc graph, and NP-hard otherwise. We omit here the definition of bi-arc graphs, as
it is not essential to our discussion. We note, however, that all loopless non-bipartite graphs H,
namely, those for which the (non-list) H-COLORING problem was shown to be NP-hard in [26],
are not bi-arc. A result by Chen et al. [5]], stated below, shows that for all graphs H that are not
bi-arc, the LIST-H-COLORING problem is unlikely to admit a sub-quadratic compression.

21
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Theorem 4.1.2 ([5, Theorem 1.1]). Let H be a graph, possibly with loops, that is not bi-arc. Then, for any
real number € > 0, the LIST-H-COLORING problem parameterized by the number of vertices n does not
admit a compression of size O(n*>~¢) unless NP C coNP /poly.

The authors of [5] asked whether an analogous lower bound can be established for the NP-
hard cases of the (non-list) H-COLORING problem. We prove now Theorem which answers
this question affirmatively for all non-bipartite projective core graphs H.

Proof of Theorem[L.1.5 Fix a non-bipartite projective core graph H = (Vy, Eyy) and a real num-
ber £ > 0. Since the (simple) graph H is not bipartite, it is not a bi-arc graph, so by Theorem [4.1.2}
the L1ST-H-COLORING problem parameterized by the number of vertices n does not admit a com-
pression of size O(n?~¢) unless NP C coNP/poly. In what follows, we present a linear-parameter
transformation from the LIST-H-COLORING problem into the H-COLORING problem, both pa-
rameterized by the number of vertices. Therefore, if the H-COLORING problem parameterized
by the number of vertices n admits a compression of size O(n?~¢), then composing this compres-
sion with the transformation described below would yield a compression of size O(n?~¢) for the
L1sT-H-COLORING problem, implying that NP C coNP/poly.

Since H is not bipartite, we have |Vj| > 3, so by Proposition 4.0.1, H admits an edge gadget
F = (Vg, Er) with two specified vertices a,b € Vr. Consider an instance of the LIST-H-COLORING
problem, that is, a graph G = (V, E) on n vertices and a list L(v) C Vy for each vertex v € V. We
define a transformation that, given such an input, produces a graph G’ = (V’, E’) constructed as
follows. We initialize G’ as a disjoint union of the graph G and the graph H = (Vp, Eg). Then,
for each pair of vertices v € V and h € Vi \ L(v), we add to the graph a copy F,, of the graph
F where the specified vertices a and b are identified with v and h, respectively. Note that each
such copy introduces |Vr| — 2 new vertices to the graph G’. This completes the description of the
graph G’, which is clearly constructible in polynomial time. Observe that the transformation is
linear-parameter with respect to the number of vertices, as the number of vertices in G’ satisfies

V| <n+ Vil + (V] = 2) -1+ [Va| = O(n).

We now verify the correctness of the transformation. Suppose first that (G, L) is a YES instance
of LIST-H-COLORING, that is, there exists a homomorphism f : V — Vg from G to H satisfying
f(v) € L(v) forall v € V. Define a mapping f' : V' — Vj as follows. First, for each v € V, set
f'(v) = f(v). Since every edge of G'[V] is also an edge of G, its endpoints are mapped by f’ to
adjacent vertices in H. Next, for each h € Vy, set f'(h) = h. Clearly, the endpoints of every edge
in the copy of H in G’ are mapped by f’ to adjacent vertices in H. Finally, for each vertex v € V, it
holds that f(v) € L(v), so for each h € Vy \ L(v), it holds that f(v) # h, and thus f'(v) # f'(h).
Since F is an edge gadget for H, this ensures that f’ can be extended to all the vertices of the copy
F, ), of F, so that the endpoints of every edge in this copy are mapped to adjacent vertices in H.
The obtained mapping f’ forms a homomorphism from G’ to H, so G’ is H-colorable and is thus a
YES instance of H-COLORING.

For the converse direction, suppose that G’ is a YES instance of H-COLORING, that is, there
exists a homomorphism f' : V' — Vp from G’ to H. The restriction of f’ to the copy of H on
the vertex set Vy in G’ is a homomorphism from H to itself. Since H is a core, there exists an
automorphism 7t : Vi — Vi of H such that f'(h) = 7rt(h) for all h € Vy. Note that the inverse
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7! of 7 also forms an automorphism of H. Consider the mapping f : V — Vy defined by
f(v) = 7 1(f'(v)) for all v € V. The mapping f forms a homomorphism from G to H. Indeed,
if u and v are adjacent vertices in G, then they are also adjacent in G’, so f'(u) and f'(v) are
adjacent in H, which implies that f(u) = 7~ !(f'(1)) and f(v) = 7w !(f'(v)) are adjacent in H
as well. We further claim that for every vertex v € V, it holds that f(v) € L(v). To see this,
recall that the graph G’ contains, for every v € V and h € Vy \ L(v), a copy F,;, of F whose
specified vertices a and b are identified with v and . The restriction of f” to this copy of F forms a
homomorphism to H, so the fact that F is an edge gadget for H guarantees that f’'(v) # f'(h), and
thus f(v) = 7 1(f'(v)) # = Y(f'(h)) = h. Therefore, f(v) # hforall h € Vi \ L(v), implying
that f(v) € L(v). We conclude that (G, L) is a YES instance of LIST-H-COLORING, as required. ®

4.2 Parameterization by Vertex Cover Number

Our lower bound on the kernel size of H-COLORING problems parameterized by the vertex cover
number builds on a lower bound on the compressibility of satisfiability problems. A Boolean
CNF formula is said to be NAE-satisfiable, where NAE stands for Not All Equal, if there exists an
assignment to its variables such that each clause includes at least one literal evaluated to True and
at least one literal evaluated to False. For a positive integer g, a -CNF formula is a CNF formula
in which each clause contains exactly g literals. The g-NAE-SAT problem asks whether a given g-
CNF formula is NAE-satisfiable. The following result provides a lower bound on the compression
size of this problem in terms of the number of variables.

Theorem 4.2.1 ([30]). For every integer q > 4 and any real € > 0, the -NAE-SAT problem parameter-
ized by the number of variables n does not admit a compression of size O(n7~17¢) unless NP C coNP/poly.

As shown in [30], Theorem follows from a lower bound on the compression size of the stan-
dard g-SAT problem, proved by Dell and van Melkebeek [8], through the simple transformation
that appends a single new variable to all clauses. The stated lower bound is known to be essen-
tially optimal [31]].

We are ready to prove Theorem[I.1.6] which asserts that for every non-bipartite projective core
graph H with g(H) > 4 and for any real ¢ > 0, the H-COLORING problem parameterized by the
vertex cover number k does not admit a compression of size O(k7(1)~1-¢) unless NP C coNP /poly.

Proof of Theorem[1.1.6! For a non-bipartite projective core graph H = (Vy, Ey), set g = q(H),
and suppose that g > 4. By Theorem for any real number ¢ > 0, the -NAE-SAT prob-
lem parameterized by the number of variables 1 does not admit a compression of size O(n7~17¢)
unless NP C coNP/poly. In what follows, we present a linear-parameter transformation from
the g-NAE-SAT problem parameterized by the number of variables to the H-COLORING prob-
lem parameterized by the vertex cover number. Therefore, if the H-COLORING problem parame-
terized by the vertex cover number k admits a compression of size O(k7~17¢), then composing
this compression with the transformation described below would yield a compression of size
O(n1-17¢) for the ¢-NAE-SAT problem parameterized by the number of variables 1, implying
that NP C coNP/poly.
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Since H is a non-bipartite projective core, it follows in particular that |V| > 3, so by Proposi-
tion[4.0.1} H admits an edge gadget F = (Vr, Er) with two specified vertices a,b € Vi. The defini-
tion of the non-adjacency witness number implies that there exists aset T = {ay,...,a,} C Vy of
size g, such that the vertices of T do not share a common neighbor in H, while those of each of its
(q — 1)-subsets do. Consider an instance of the g-NAE-SAT problem, namely, a g-CNF formula
@ on n variables, denoted x1,...,x,. We define a transformation that maps such an input to a
graph G = (V,E) and a vertex cover X of G as follows. Throughout, indices j € [g] are inter-
preted modulo g, so 0 and 1 are identified with g and g + 1, respectively. An illustration is given

in Figure[d.1}

1. Initialize the graph G as the disjoint union of the graph H = (Vp, Ex) and a collection of 2gn
isolated vertices, denoted t; ; and f; ; for i € [n] and j € [q].

2. For each of the following pairs of vertices, add to the graph G a copy of the edge gadget F
with its specified vertices a and b identified with the vertices of the pair.

a. (tij, fij) foralli € [n] and j € [q].
b. (tj tij41) foralli € [n] and j € [q].
c. (tij,h)and (fi;, h)foralli € [n],j € [q],and h € Vg \ {a;,a;41}.

Note that the total number of copies of F added to the graph G is
2qn +2gn - (|Vy| —2) =29(|Vu| — 1)n,

and that each of them introduces |Vr| — 2 new vertices. Note that the total number of copies
of F added to the graph G is

2gn+2qn - (|Vy| —2) = 29(|Vu| — 1)n,
and that each of them introduces |Vr| — 2 new vertices.

3. Foreach clause C = (y; V- - - Vy,) in @, add to G a vertex c, referred to as a clause vertex, and
connect it to g vertices in G as follows. For each j € [q], if y; = x; for i € [n], connect c to the
vertex t; ;, and otherwise, if y; = X; for i € [n], connect c to the vertex f; ;.

4. Let X be the set of all vertices of G except the clause vertices, and return the pair (G, X).

Note that the clause vertices are not adjacent in G to one another, so X is a vertex cover of G,
implying that (G, X) is a valid output. The number of vertices in X satisfies

| X] = [Vul+2qn +2q(|Vu| = D)n - (|VE| = 2) = O(n),

so the transformation is linear-parameter. One can easily check that the transformation can be
implemented in polynomial time.

Before the formal correctness proof, let us briefly explain the high-level idea of the construc-
tion. The produced graph G includes, for each i € [n], a gadget that encodes an assignment to
the variable x;. This gadget consists of 2g vertices, denoted t;1,...,t;; and f;1,..., fi 4, together
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with multiple copies of the edge gadget F that enforce inequality constraints. We consider two
mappings from these 2g vertices in G to the vertices of T = {ay, ..., aq} in H. The first maps each
vertex t; ; to a; and each vertex f;; to a;, 1, while the second maps each vertex ¢; ; to a;1 and each
vertex fj to a; (see Figure[d.T). We interpret these two mappings as the True and False assignments
to x;, respectively. A crucial property of the construction, ensured by the copies of the edge gadget
F, is that every homomorphism from G to H agrees, up to an automorphism of H, with one of
these two fixed mappings on each gadget. Therefore, the possible assignments to the variables
of ¢ are essentially represented by the homomorphisms from the subgraph of G induced by the
variable gadgets to H. Now, each clause C in ¢ is associated with a vertex c in G connected by
q edges to vertices of the variable gadgets, one edge for each literal of C. If these literals involve
both the True and False values under a given assignment, then the corresponding homomorphism
from G to H maps the neighbors of c to a proper subset of T, allowing ¢ to be assigned a compati-
ble vertex of H. Conversely, if all literals of C are evaluated to the same value, the corresponding
homomorphism maps the neighbors of ¢ to the entire set T, so it cannot be properly extended to
c. With this intuitive idea in mind, we proceed to the full proof.

Figure 4.1: The gadget graph for a variable x;. Each # sign represents a copy of the edge gadget F,
which enforces inequality between its endpoints under any homomorphism to H. The mapping
on the left corresponds to x; assigned the value True, and the one on the right corresponds to x;
assigned the value False.

We show that ¢ is NAE-satisfiable if and only if G is H-colorable. Suppose first that ¢ is NAE-
satisfiable, and consider an assignment p : {xi,...,x,} — {True, False} for which both values
appear in each clause of ¢. We define a mapping ¢ : V — Vj as follows. First, define g(h) = h
for all h € Vg. Clearly, the endpoints of every edge of the copy of H in G are mapped by g to
adjacent vertices in H. Next, for each i € [n], if p(x;) = True, then set g(t;;) = aj and g(fi;) = aj41
for all j € [q], and if p(x;) = False, then set ¢(t;;) = ajy1 and g(f;;) = a; for all j € [g]. These
assignments guarantee that the vertices in each pair from Item 2| of the construction are mapped
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by g to distinct vertices of H. Since F is an edge gadget for H, it follows that g can be extended to
all vertices of these copies of F, ensuring that the endpoints of each of their edges are mapped to
adjacent vertices in H.

It remains to extend g to the clause vertices in G. Consider any clause C = (y1 V --- Vy,) in
¢ and its associated vertex c. Since the values of the literals in C are not all equal under p, there
exists some j € [q] for which y;_; is evaluated to False and y; is evaluated to True. We claim that
two neighbors of ¢ in G are mapped by g to ;. Indeed, if y;_1 = x; for some i € [n], then c is
adjacent to t;;_1 and p(x;) = False, so g(t;j_1) = a;. Otherwise, y; 1 = X; for some i € [n], so cis
adjacent to f;; 1 and p(x;) = True, thus g(f;j—1) = a;. Similarly, if y; = x; for some i € [n], then cis
adjacent to t;; and p(x;) = True, so g(t;;) = a;. Otherwise, y; = X; for some i € [n], so c is adjacent
to f;; and p(x;) = False, thus g(f;;) = a;. Since the g neighbors of c are mapped by g to vertices of
T, we conclude that they are mapped to a proper subset of T. The vertices of such a subset share
a common neighbor in H, so we can define g(c) as a vertex in H that is adjacent to all the images
under g of the neighbors of c in G. This gives us a homomorphism from G to H, implying that G
is H-colorable.

For the converse direction, suppose that the graph G is H-colorable, and consider a homomor-
phism g : V. — Vpy from G to H. The restriction of g to the vertex set V of the copy of H in G is
a homomorphism from H to itself. Since H is a core, there exists an automorphism 77 : Vg — Vg
of H such that g(h) = 7t(h) for all h € Vy. Note that its inverse 77! is also an automorphism
of H. Let ¢’ : V — Vj be the mapping defined by ¢’(v) = 7t~ !(g(v)) for all v € V. Note that
¢’ is also a homomorphism from G to H, since for every pair of adjacent vertices u and v in G,
the vertices g(u) and ¢(v) are adjacent in H, and therefore the vertices ¢'(u) = 7~ !(g(u)) and
¢'(v) = m~1(g(v)) are adjacent in H as well. Moreover, the mapping ¢’ acts as the identity on Vj,
because ¢'(h) = = 1(g(h)) = n=Y(re(h)) = hforallh € Vy.

We now define an assignment p : {x1,...,x,} — {True, False} to the variables of ¢. Fix some
i € [n], and consider the copies of the edge gadget F in the graph G, as described in Item [2| of
the construction. The restriction of g’ to each such copy forms a homomorphism to H, hence its
specified vertices are mapped by ¢’ to distinct vertices in H. This implies that for all j € [g], the
vertices t; ; and f; ; are mapped by ¢’ to distinct vertices, as are t;; and t; ; 11, and since ¢ acts as the
identity on Vp, each of t;j and f; ; is mapped to either 4; or 4;, 1. Therefore, either I'4 (ti,j) = ajand
§'(fij) = aja forallj € [g],or g'(t;;) = aj1and §'(f;;) = a; for all j € [q]. We define p(x;) = True
in the former case, and p(x;) = False in the latter.

We finally show that each clause in ¢ includes two literals with distinct values under p, imply-
ing that ¢ is NAE-satisfiable. Consider a clause C = (y; V - - - V ;) in ¢ and its associated vertex
c. The homomorphism ¢’ maps ¢ to a vertex in H that is adjacent to the images under g’ of its
g neighbors in G. Since each of those neighbors is mapped by ¢’ to a vertex of T, and since the
vertices of T do not share a neighbor in H, it follows that two neighbors of ¢ are mapped by g’ to
the same vertex a; with j € [g]. By the above discussion, these neighbors must correspond to the
literals y;_; and y; in C. Now, if y;_; = x; for some i € [n], then the edge of ¢ corresponding to y;_1
connects ¢ and ¢;;_1, so the fact that ¢’(t;;_1) = a; implies that p(x;) = False. Further, if y;_; = X;
for some i € [n], then the edge of ¢ corresponding to y;_; connects c and f;; 1, so the fact that
8'(fij—1) = a; implies that p(x;) = True. In both cases, the value of y;_; under p is False. Similarly,
if y; = x; for some i € [n], then the edge of ¢ corresponding to y; connects c and t;, so the fact
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that ¢'(t;;) = a; implies that p(x;) = True. Further, if y; = X; for some i € [n], then the edge of ¢
corresponding to y; connects ¢ and f; ;, so the fact that ¢'(f;;) = a; implies that p(x;) = False. In

both cases, the value of y; under p is True. Therefore, the values of the literals in C under p are not

all equal, as required. |



Chapter 5

Non-adjacency Witness Number

In this chapter, we thoroughly study the non-adjacency witness number of graphs (see Defini-
tion[3.1.1). We first provide several useful bounds on this graph quantity, then determine its value
for concrete families of graphs, and finally analyze its behavior on random graphs.

Before proceeding, we note that the non-adjacency witness number of a graph can be expressed
in terms of the Helly property of its open neighborhoods. A family of sets is said to satisfy the
Helly property of order q if every subfamily with an empty intersection that is minimal with respect
to containment includes at most g sets. In this language, the non-adjacency witness number ¢(G)
of a graph G = (V,E) is the smallest positive integer g such that the family {Ng(v) | v € V}
of open neighborhoods in G satisfies the Helly property of order 4. This notion has been studied
in the literature, with particular attention given to graphs G with g(G) = 2 (see, e.g., [9] [18]).
Such graphs are often called open neighborhood-Helly graphs, and a full characterization of them
is given in [19]. An alternative version of this notion replaces open neighborhoods with closed
ones. Note that the two notions behave quite differently for certain graph classes. For example,
for line graphs, it was proved in [34] that the family of closed neighborhoods always satisfies the
Helly property of order 6, and yet, their non-adjacency witness number can be arbitrarily large (as
demonstrated, for instance, by complete graphs; see Corollary [5.1.2).

5.1 Fundamental Bounds

The following simple lemma shows that the non-adjacency witness number is sandwiched be-
tween the clique number and the maximum degree plus one.

Lemma 5.1.1. For every graph G, it holds that w(G) < q(G) < A(G) + 1.

Proof: Let G = (V,E) be a graph. For the left-hand inequality, let T C V be a clique of size
w(G) in G. By the maximality of T, its vertices have no common neighbor, whereas those of every
proper subset of T do. Thus, w(G) < q(G). For the right-hand inequality, let T C V be a set of
vertices with no common neighbor in G. To show that there exists a subset T’ C T of size at most
A(G) + 1 with no common neighbor, note that if |T| < A(G) + 1, one may take T" = T. Otherwise,
let ' be any subset of T of size A(G) + 1, and notice that its vertices have no common neighbor in
G. This implies that g(G) < A(G) + 1, and we are done. |
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Note that the upper bound in Lemma can also be derived by combining Lemmas
and

As an immediate consequence, we determine the non-adjacency witness number of complete
graphs.

Corollary 5.1.2. For every integer m > 1, it holds that g(K,,) = m.

Proof: The complete graph K, on m vertices clearly satisfies w(K,,) = m and A(K,,) = m —1,
hence it follows from Lemma that q(K,,) = m. |

We next show that the non-adjacency witness number of a graph is at least that of its core.

Lemma 5.1.3. Let G be a graph, and let G’ be a core of G. Then q(G') < q(G).

Proof: Let G = (V,E) be a graph, and let G’ = (V',E’) be a core of G. As a core of a graph is
isomorphic to an induced subgraph, we may assume that G’ is an induced subgraph of G. Let
f : V. — V' be a homomorphism from G to G'. The restriction 7 : V' — V' of f to V' is a
homomorphism from G’ to itself, and hence an automorphism of G’. Furthermore, the inverse
7! of 7 is an automorphism of G’ as well. Define the function g : V. — V' by ¢(v) = 7 (f(v))
for all v € V. Observe that g is also a homomorphism from G to G/, because for every pair of
adjacent vertices 1 and v in G, the vertices f(u) and f(v) are adjacent in G’, and so are the vertices
g(u) = 7 Y(f(u)) and g(v) = 7 1(f(v)). Moreover, the function ¢ maps each vertex of G’ to
itself, because for every v € V', we have ¢(v) = 7 1(f(v)) = - }(n(v)) = v.

Now, let ¢ = q(G). To prove that q(G’') < g, consider a set T C V' of vertices in G’ with
no common neighbor. We claim that T has no common neighbor in G. Indeed, suppose for con-
tradiction that some vertex v € V is adjacent in G to all vertices of T. This implies that g(v) is
adjacent in G’ to all vertices of T, because g is a homomorphism that acts as the identity on V.
This contradicts the assumption that T has no common neighbor in G’. Finally, given that T has
no common neighbor in G, there exists a subset T’ C T of size |T'| < g with no common neighbor
in G, and hence with no common neighbor in G’. This completes the proof. ]

Remark 3. The non-adjacency witness number of a graph can be arbitrarily larger than that of its core. For
example, for any integer m > 3, consider the graph G obtained by removing a perfect matching from the
complete bipartite graph with m vertices in each part. One can verify that q(G) = m, whereas the core K
of G satisfies q(Kp) = 2.

Remark 4. Lemma shows that replacing a graph with its core does not increase the non-adjacency
witness number. This, however, does not hold when replacing it with a general induced subgraph, as demon-
strated by the following example. Consider the cube graph Qs on the vertex set {0,1}3, in which two
vertices are adjacent if the corresponding vectors differ in exactly one entry. Let G be the graph obtained
from Qs by adding an edge between the vertices (0,0,0) and (1,1,1), and let G be its induced subgraph
on {0,133\ {(0,0,0)}. Observe that q(G') > 3, as the set {(1,0,0),(0,1,0), (0,0,1)} has no common
neighbor in G', while each of its 2-subsets does. Yet, we claim that q(G) < 2. To see this, consider a set T
of vertices in G with no common neighbor. If T includes both (0,0,0) and (1,1,1), then these two already
certify that it has no common neighbor. If T includes exactly one of them, say (0,0,0), then the fact that
(1,1,1) is not a common neighbor of the vertices in T implies that T includes a vertex whose vector has a
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single 1, however, such a vertex shares no neighbor with (0,0,0). Otherwise, T includes neither (0,0,0)
nor (1,1,1), so its vertices lie on the cycle of 6 vertices induced by the remaining vertices of G. Since every
set of three alternating vertices along this cycle has a common neighbor, it follows that T includes a pair of
consecutive vertices in the cycle. Such a pair certifies that T has no common neighbor, so we are done.

Our next bound on the non-adjacency witness number involves the family of graphs B, ,
defined as follows.

Definition 5.1.4. For a positive integer m and for an integer 0 < £ < m, let B, ;, denote the graph on the
vertex set {uy,...,um} U{v1,..., 0.}, where for every i € [{], the vertex v; is adjacent to all vertices u;
with j € [m] \ {i}, and for every i € [m]\ [£], the vertex u; is adjacent to all vertices u; with j € [m]\ {i}.

A few observations are pertinent here. First, the graph B, o is isomorphic to the complete
graph K,,. Second, for admissible values of m and ¢, each of B, 1, and B, ¢+1 has a subgraph
isomorphic to By, s. And third, in the graph B,, s, the degree of each vertex v; withi € [(]ism —1,
the degree of each vertex u; with i € [¢] is m — 1, and the degree of each vertex u; with i € [m] \ [¢]
is m + ¢ — 1. Therefore, the number of edges in B,, ; is

1

E-(ze-(m—1)+(m—1z).(m+£—1)) :%-(m2—€2+2m€—m—€). (5.1)

Equipped with Definition we are ready to present the following useful lemma.

Lemma 5.1.5. For a positive integer q, let G be a graph that contains no copy (induced or not) of the graph
By ¢ for any £ with 0 < £ < q. Then q(G) < g — 1.

Proof: Let G = (V, E) be a graph with no copy of B, for any £ with 0 < ¢ < g. We first observe
that G contains no copy of B, ¢ for all integers m and ¢ satisfying m > g and 0 < ¢ < m. Suppose,
toward a contradiction, that G contains a copy of B,, ¢ for such integers m and ¢. If £ < g, then B, s
admits a subgraph isomorphic to B, 4, as follows by applying m — q times the fact that each graph
B,y 41, contains a copy of B,y . However, this contradicts the assumption that G contains no
copy of B, , with 0 < £ < g. Otherwise, it holds that £ > g, so By, ; admits a subgraph isomorphic
to B¢ 4,4, as follows by applying £ — g times the fact that each graph B,/ 1,1 contains a copy
of B, p. This reduces to the previous case, contradicting again our assumption on G.

We are now ready to prove that (G) < g — 1. Let T C V be a set of vertices with no common
neighbor in G, and let 7" be a minimal subset of T (with respect to containment) whose vertices
have no common neighbor in G. Let m = |T’| denote the size of T', and put T" = {uy, ..., up}.
Our goal is to show that m < g — 1. By the minimality of T’, for every i € [m], there exists a
vertex v; € V that is adjacent to all vertices of T" except u;. Note that v; may or may not be
the vertex u;. Let ¢ denote the number of indices i € [m] for which it holds that u; # v;, and
notice that 0 < ¢ < m. It may be assumed, without loss of generality, that u; # v; for alli € [/],
and thus u; = v; for alli € [m] \ [¢]. Observe that the subgraph of G induced by the vertices of
{ug, ..., um}U{ov1,..., 04} contains the graph B, ; as a subgraph. In particular, G contains a copy
of B, s, hence m < q —1, and we are done. ]

As a simple consequence of Lemma we relate the non-adjacency witness number of a
graph to its degeneracy.
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Lemma 5.1.6. Let d be a positive integer. For every d-degenerate graph G, it holds that q(G) < d + 1.

Proof: Let G be a d-degenerate graph. Observe that the minimum degree of a vertex in the graph
B,, ¢ is m — 1. Since every subgraph of G has a vertex of degree at most d, it follows that G contains
no copy of By with0 < ¢ < d +2. By Lemma this implies that g(G) < d + 1, as desired. m

We next consider the non-adjacency witness number of planar graphs. Since every planar
graph G is 5-degenerate, it follows from Lemma that it satisfies g(G) < 6. The following
lemma improves on this bound. The proof relies on the well-known consequences of Euler’s
formula, which state that every (simple) planar graph G = (V, E) on at least three vertices satisfies
|E| < 3|V|—6,and that if it is triangle-free, then it further satisfies |E| < 2|V | — 4.

Lemma 5.1.7. For every planar graph G, it holds that q(G) < 4.

Proof: By Lemma it suffices to prove that every planar graph contains no copy of the graph
Bsy for all 0 < ¢ < 5. To this end, we show that these graphs are not planar. Let Bs, = (V,E),
and recall, using (5.I), that |[V| = 5+ ¢ and |E| = §-(20+9¢ — ¢?). For 0 < ¢ < 3, it can be
easily verified that |[E| > 3|V| — 6, hence the graph Bs ¢ is not planar. For ¢ = 5, the graph Bs5 is
bipartite, and thus triangle-free, and it holds that |E| > 2|V| — 4, so it is not planar as well. Finally,
for ¢ = 4, notice that removing from Bs4 the four edges that connect the vertex us to the vertices
u; with i € [4] gives a bipartite graph with 9 vertices and 16 edges, so it is not planar either. This
completes the proof. |

Note that the bound provided by Lemma is tight, as witnessed by the complete graph Ky,
which is planar and satisfies g(K4) = 4 by Corollary

5.2 Concrete Families

We turn to determining the non-adjacency witness number of Kneser graphs (see Chapter [2.1).
Lovasz [38] proved that, for positive integers m and r with m > 2r, the chromatic number of the
Kneser graph K(m, r) is m — 2r + 2. The latter is known to coincide with the minimum possible
dimension of an orthogonal representation of K(m, ) over any field [23,[1]. Here we show that it
also coincides with the non-adjacency witness number.

Lemma 5.2.1. For all positive integers m and r with m > 2r, it holds that g(K(m,r)) = m — 2r + 2.

Proof: Fix positive integers m and r with m > 2r. Consider the m — 2r 4 2 vertices in K(m, r) of
the form [r — 1] U {i} fori € {r,...,m —r 4 1}. Observe that the union of these vertices includes
m —r + 1 elements, implying that no r-subset of [m] is disjoint from all of them, hence they do
not have a common neighbor. However, if one of these vertices is excluded, say [r — 1] U {i},
then all the remaining vertices are adjacent to the vertex ([m] \ [m —r 4 1]) U {i}. It follows that
qg(K(m,r)) > m—2r+2.

On the other hand, let T be a collection of vertices with no common neighbor in K(m, r). Since
no r-subset of [m] is disjoint from all the vertices of T, it follows that the union of the members
of T includes at least m — r + 1 elements of [m]. We define a collection of vertices T C T as
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follows. Start with T" = {A} for an arbitrary vertex A € T, and as long as the total number of
elements in the vertices of T’ is smaller than m — r + 1, add to T’ a set from T that includes an
element not yet covered by any set in T’. This is possible, because the sets in T include at least
m — r + 1 distinct elements. The first chosen set A covers r elements, and each additional set
added to T’ contributes at least one new element, hence the collection T’ obtained in the process
includes at most m — 2r + 2 sets. Since the union of the members of T’ includes at least m —r + 1
elements, it follows that the vertices in T’ have no common neighbor. This, in turn, shows that
q(K(m,r)) < m —2r+ 2, implying that q(K(m,r)) = m — 2r 4 2, as required. |

We further identify the non-adjacency witness number of cycles.

Lemma 5.2.2. For an integer m > 3, the value of q(C,,) is 3 if m € {3,6} and is 2 otherwise.

Proof: For an integer m > 3, consider the cycle C,, on m vertices. Note that Cz is the complete
graph on three vertices, so Corollary implies that q(C3) = 3. For any m > 4, we have
A(Cy) = 2 and w(Cy) = 2, so Lemma p.1.1] implies that 2 < q(C,) < 3. For m = 6, any set
of three alternating vertices along the cycle has no common neighbor, while each of its 2-subsets
does. This shows that 4(Cs) > 3, and thus q(C¢) = 3. Form ¢ {3, 6}, the cycle C,, contains no copy
of K3 nor Cs, hence it contains no copy of the graph Bj, for any ¢ with 0 < ¢ < 3. Lemma
then gives q(Cy,) < 2, implying that g(Cy,) = 2. |

5.3 Behavior on Random Graphs

For a positive integer 1, let G(n,1/2) denote the random graph on a fixed set of n labeled vertices,
where each possible edge is included independently with probability 1/2. If the graph G(n,1/2)
satisfies a given property with probability that tends to 1 as n tends to infinity, we say that the
property holds asymptotically almost surely. We now turn to determining the typical non-adjacency
witness number of G(n,1/2).

Theorem 5.3.1. The random graph G = G(n,1/2) satisfies q(G) < 2 -logn asymptotically almost
surely.

Proof: Let G = G(n,1/2) be a random graph on n vertices, and set m = 2 -logn + 1. For an
integer 0 < ¢ < m, let X; denote the random variable representing the number of copies of the
graph B, s in G (see Definition 5.1.4). We claim that its expectation satisfies

E [X/] < < " €) . <m2—€) . (17;) ./ .2—(m2—52+2m€—m—€)/2.
0=\t

Indeed, there are (' ,) possible ways to choose m + £ vertices that participate in a copy of By, ,
(m;“/) ways to divide them into two sets {u1,...,u,} and {v1,...,v,}, and () - £! ways to choose
from the first set the ¢ vertices identified as u3,...,u, and order them in a row. Then, the prob-
ability that this choice corresponds to a copy of By, ; is 1/2 raised to the power of the number of
edges in B,, s, which is given in (5.1). This yields the desired bound on E [X]. Using the inequality
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(3) < ’Z—T, we further obtain that

e (m 0! m! — (2~ 2ml—m—0) /2
E[X/] < CEINRT -E!‘(m_g)!.él.z(m ml—m—L)
- . p(m+0)dogn—(m?—(2+2ml—m—10)/2
0 (m—0)! :

Note that the exponent of 2 in the above expression is a convex quadratic function of /, so it attains
its maximum over the interval [0, m] at one of the endpoints. For our choice of m, it vanishes at
both endpoints, hence for every 0 < ¢ < m, it holds that

1 1

E[X)] < 0 (m—10)! = (logn)!’

where the second inequality follows from the fact that either ¢ or m — ¢ exceeds log n.

Finally, let X = }j’ ; X; denote the random variable representing the total number of copies
of the graphs B,, s in G for 0 < ¢ < m. By linearity of expectation, it follows that E [X] < %, so
E [X] tends to 0 as n tends to infinity. By Markov’s inequality, the probability of the event X > 1
also tends to 0 as n tends to infinity. Therefore, the probability that there is no copy of B,, , in G
for any ¢ with 0 < ¢ < m tends to 1. By Lemmal5.1.5] this implies that ¢(G) < m —1 = 2-logn

asymptotically almost surely, as desired. [ |

Remark 5. The bound provided by Theorem is essentially tight. Indeed, it is well known that the
random graph G = G(n,1/2) satisfies w(G) > (2 — o(1)) - log n asymptotically almost surely, with the
0(1) term tending to 0 as n tends to infinity (see, e.g., [13, Chapter 7.2]). By Lemma this implies that
it satisfies (G) > (2 — o(1)) - log n asymptotically almost surely as well.



Chapter 6

Kernel Bounds for Concrete Target
Graphs

In this chapter, we present illustrative applications of our upper and lower bounds on the ker-
nel size of H-COLORING problems parameterized by the vertex cover number for various target
graphs H.

6.1 The Combinatorial Kernel

We begin with upper bounds that follow from the combinatorial kernel given in Theorem [I1.1.1}
combined with our analysis of the non-adjacency witness number from Chapter 5|

Theorem 6.1.1. For each of the following cases, the H-COLORING problem parameterized by the vertex
cover number k admits a kernel with O (k1) vertices and bit-size O (k7).

1. H is d-degenerate for an integer d, and g = d + 1.
2. His planar, and q = 4.

3. H = Cyy1 for an integer m > 2, and q = 2.

Proof: The three items of the theorem immediately follow from Theorem when combined,
respectively, with Lemmas[5.1.6,[5.1.7, and [5.2.2] |

Recall that the kernel implied by [32] for the H-COLORING problem parameterized by the vertex
cover number k has O(k7) vertices and bit-size O(k“ - log k), where g = A(H). Yet, Theorem
provides kernel sizes bounded by a fixed polynomial for the class of d-degenerate graphs with a
fixed integer d and for the class of planar graphs, despite their unbounded maximum degree. The
third item of Theorem essentially follows from [32], though with an additional logarithmic
factor in the bit-size, and is included here primarily for completeness.

We next state a result concerning a typical target graph H. It follows by combining Theo-

rem with Theorem

34
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Theorem 6.1.2. Let H = G(h,1/2) be a random graph on h vertices. Then, with probability tending to
1 as h tends to infinity, the H-COLORING problem parameterized by the vertex cover number k admits a
kernel with O(k7) vertices and bit-size O(k7) for ¢ = 2 - log h.

It is well known that the maximum degree in a random graph H = G(h,1/2) on h vertices is,
asymptotically almost surely, at least /1 - (1/2 — 0(1)) (see, e.g., [13, Chapter 3.2]). Therefore, for
a typical graph H, Theorem [6.1.2 provides a kernel for the H-COLORING problem parameterized
by the vertex cover number, where the degree of the polynomial that bounds the kernel size is
exponentially smaller than that of the kernel from [32].

6.2 The Algebraic Kernel

We proceed with applications of our algebraic kernel from Theorem The first concerns the
kernel complexity of problems associated with the dimension of orthogonal graph representations
over finite fields. Recall that for an integer d and a field FF, the d-ORTHO-DIMp problem asks,
given an input graph G, whether G admits a d-dimensional orthogonal representation over F
(see Definition 3.2.1). When parameterized by the vertex cover number, the input also includes a
vertex cover of G, whose size k is the parameter of the problem. We prove Theorem which
guarantees a kernel with O(k%~1) vertices and bit-size O(k“~! - logk) for every d > 3 and every
finite field IF. This nearly matches a lower bound from [24].

Proof of Theorem[1.1.3} Fix an integer d > 3 and a finite field F. Let H = H(F,d) denote
the graph whose vertices are all the non-self-orthogonal vectors in F4, where two such vectors
x,y € T are adjacent if and only if they satisfy (x,y) = 0 over IF. Observe that a graph is
H-colorable precisely when it admits a d-dimensional orthogonal representation over IF. There-
fore, the H-COLORING problem coincides with the d-ORTHO-DIMg problem. The assignment that
maps each vertex of H to its associated vector in ¥ forms a faithful d-dimensional orthogonal
representation over [, so, in particular, by Remark the graph H has a faithful d-dimensional in-
dependent representation over IF. Note that the field FF is efficient, as are all finite fields, enabling
us to apply Theorem with the graph H and the field IF, and thereby obtain a kernel for the
H-COLORING problem parameterized by the vertex cover number k with O(k%~!) vertices and
bit-size O(k?~! - log k). The proof is now complete. m

The next application deals with the H-COLORING problem parameterized by the vertex cover
number k, where H is a Kneser graph K(m,r). Since the maximum degree in K(m,r) is ("), it
follows from [32] that the problem admits a kernel with O(k("+ ")) vertices. A notable improvement
is obtained by combining Theorem with Lemma yielding a kernel with O(k"~%2)
vertices. The following theorem improves this by another linear factor.

Theorem 6.2.1. For all positive integers m and r with m > 2r, the K(m, r)-COLORING problem param-
eterized by the vertex cover number k admits a kernel with O(k™2"1) vertices and bit-size O (k™21 .
logk).

Theorem follows directly from Theorem [3.2.7|combined with the following result.
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Theorem 6.2.2. For all positive integers m and r with m > 2r, there exists an integer ¢ = c(m, r) such
that for every field IF with |[F| > c, the graph K(m, r) has a faithful (m — 2r 4 2)-dimensional independent
representation over IF.

The proof of Theorem uses the following ‘general position” result.

Proposition 6.2.3 ([2, Theorem 3.13]). For positive integers n,m,t with m > t, let IF be a field with
|F| > (m—t)-(n+1),andlet Uy, ..., U, bea collection of n subspaces of F™. Then there exists a linear
transformation ¢ : B™ — !, such that for all i € [n], it holds that dim(@(U;)) = min(dim(U;), t).

We are ready to prove Theorem

Proof of Theorem Fix positive integers m and r with m > 2r and a sufficiently large field IF.
Let M € FU'~1*" be a matrix, such that every set of r — 1 of its columns is linearly independent.
Such a matrix can be obtained, for instance, via a Vandermonde-type construction, namely, choose
m distinct field elements ay,...,a,, € F, and for each i € [m], set the ith column of M to be
(1,a..., ucl’._z)t.

For every vertex A in K(m, r), let x4 € " be a vector satisfying Mx, = 0, such that the sup-
port of x4 is exactly A, meaning that the entries of x4 corresponding to indices in A are nonzero,
and all others are zeros. To see that such a vector exists, fix the entries of x4 with indices outside A
to be zero. Then, to determine the remaining r entries of x4, consider the (r — 1) X r submatrix M4
of M formed by the columns indexed by A, and solve the system M,y = 0 for y € IF". Since every
set of r — 1 columns of M is linearly independent, fixing one entry of y to a nonzero value yields a
unique solution for y. Moreover, all entries of y are nonzero, as otherwise, we would obtain r — 1
columns of M that are linearly dependent.

For every vertex B in K(m,r), let Up denote the subspace of F" spanned by the vectors corre-
sponding to the neighbors of B, that is, Us = span({xc | C € Nk, (B)}). Further, for every pair
of vertices A and B, let U4 denote the subspace of F"* spanned by the vector x4 together with the
vectors associated with the neighbors of B, that is, Uj = span({x4} U {xc | C € Ni(m) (B)})-
We observe that for every pair of non-adjacent vertices A and B in the graph K(m, r), it holds that
dim(U%) = dim(Up) + 1. Indeed, if A and B are not adjacent, then they are not disjoint, so there
exists some elementi € AN B. It follows that the ith entry of x 4 is nonzero, whereas the ith entry in
every vector of Up is zero. This implies that x4 ¢ Up, and consequently, dim(llg‘) = dim(Up) + 1,
as desired.

We further observe that for every vertex B in K(m,r), it holds that dim(Up) < m — 2r + 1.
To see this, note that the subspace Up is supported on the m — r entries with indices in [m] \ B.
Moreover, every vector x € Up satisfies Mx = 0. By m > 2r, the restriction of M to the m —r
columns with indices in [m] \ B contains an (r — 1) x (r — 1) submatrix of M. Since the columns
of such a submatrix are linearly independent, so are its rows. It follows that the vectors of Up are
supported on m — r entries and satisfy a system of » — 1 linearly independent equations on this
support, implying that dim(Up) < (m —r) — (r — 1) = m — 2r + 1, as required. This in turn yields
that for every pair of non-adjacent vertices A and B, dim(U3 ) = dim(Up) +1 < m — 2r + 2.

We finally apply Proposition with t = m — 2r 4+ 2 and with the subspaces Uz for all
vertices B as well as the subspaces U3 for all pairs of non-adjacent vertices A, B. Assuming that
FF is sufficiently large, and noting that the dimensions of all these subspaces do not exceed ¢, this
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yields a linear transformation ¢ : F" — P22 that preserves their dimensions. In particular,
for every pair of non-adjacent vertices A, B, it holds that dim(¢(U4)) = dim(¢(Ug)) + 1, which
implies that ¢(x4) ¢ ¢(Ug). Therefore, the assignment of the vector ¢(x4) € F"~2*2 o each
vertex A in K(m, r) forms a faithful (m — 2r + 2)-dimensional independent representation over F,
thus completing the proof. |

Remark 6. The faithful independent representation of K(m,r) provided by Theorem attains the min-
imum possible dimension. Indeed, by Lemma the dimension of any such representation is bounded
from below by the non-adjacency witness number of K(m, r), which, by Lemma equals m — 2r + 2.

Note that when H = K(2r + 1,r) for an integer r > 1, Theorem provides a kernel with
O(k?) vertices and bit-size O(k? - logk). This in particular holds for the Petersen graph K(5,2),
which is presented in Figure [6.1| along with a faithful 3-dimensional orthogonal (and thus inde-
pendent) representation over RR.

Figure 6.1: The Petersen graph — A faithful 3-dimensional orthogonal representation over IR.

6.3 Lower Bounds

We begin with applications of Theorem which supplies an almost quadratic lower bound on
the compressibility of H-COLORING problems parameterized by the number of vertices, when-
ever H is a non-bipartite projective core graph. In [37], many classical graphs were shown to be
projective, including complete graphs on at least three vertices, odd cycles, and Kneser graphs
(see also [35]). It is straightforward to verify that complete graphs on at least three vertices, as
well as odd cycles, are non-bipartite cores. It is also known that for all positive integers m and r
with m > 2r, the Kneser graph K(m,r) is a core (see, e.g., [15, Theorem 7.9.1]), and its chromatic
number is m — 2r + 2 > 2, so it is not bipartite. This allows us to deduce the following result from
Theorem
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Theorem 6.3.1. For each of the following cases, for any real ¢ > 0, the H-COLORING problem parameter-
ized by the number of vertices n does not admit a compression of size O(n?~¢) unless NP C coNP /poly.

1. H = K,y for an integer m > 3.
2. H = Cyyy41 for an integer m > 1.
3. H = K(m,r) for integers m and r with m > 2r and r > 1.

We turn to a lower bound on the compressibility of the H-COLORING problem for a typical
graph H. It follows from [27, 42] that a random graph H = G(h,1/2) on h vertices is asymptoti-
cally almost surely a projective core (see also [47, 49]). Moreover, such a graph is asymptotically
almost surely non-bipartite, as indicated, for example, by its typical clique number. Combining
these facts with Theorem [1.1.5) we obtain the following result.

Theorem 6.3.2. Let H = G(h,1/2) be a random graph on h vertices. Then, with probability tending to
1 as h tends to infinity, for any real ¢ > 0, the H-COLORING problem parameterized by the number of
vertices n does not admit a compression of size O(n*>~¢) unless NP C coNP /poly.

To wrap up this chapter, we recall that a lower bound on the compression size of a graph
problem when parameterized by the number of vertices also yields a lower bound on its kernel
complexity under the vertex cover number parameterization, as the entire vertex set of a graph
always constitutes a vertex cover. For certain graphs H, this gives a near-optimal lower bound on
the kernel complexity of the H-COLORING problem parameterized by the vertex cover number.
One such case is when H is an odd cycle, for which the upper bound from Item 3| of Theorem
closely matches the lower bound implied by Item [2| of Theorem Another case occurs when
H = K(2r+1,r) for an integer r > 1, as established by Theorem and by Item |3| of Theo-
rem This completes the proof of Theorem The following theorem extends this lower
bound to all non-bipartite Kneser graphs, essentially matching the upper bound given in Theo-

rem

Theorem 6.3.3. For all positive integers m and r with m > 2r and for any real ¢ > 0, the K(m,r)-
COLORING problem parameterized by the vertex cover number k does not admit a compression of size
O(k™=2r+1=¢) ynless NP C coNP/poly.

Proof: As noted at the beginning of the chapter, for positive integers m and r with m > 2r, the
graph K(m, r) is a non-bipartite projective core. By Lemma[5.2.1} we have q(K(m,r)) = m —2r 4 2.
The statement of the theorem thus follows for m > 2r + 2 from Theorem The remaining case
of m = 2r + 1 already follows from Item [3| of Theorem [6.3.1} so we are done. n



Chapter 7

Concluding Remarks

This thesis studies the kernelization complexity of H-COLORING problems parameterized by the
vertex cover number and presents two kernels for them. The first is purely combinatorial, with
size governed by the non-adjacency witness number of H, while the second is more algebraic in
nature, relying on the existence of a low-dimensional faithful independent representation of H
over some field. We have shown that the combinatorial kernel, despite its simplicity, achieves
significant improvements over prior work for certain graphs H, and that the algebraic kernel can
sometimes save a further linear factor in the kernel size. Moreover, we have provided lower
bounds on the kernel size for projective graphs H and have demonstrated that in certain cases our
kernels attain near-optimal bounds.

The natural challenge raised by this work is to determine, for general graphs H, the exact
polynomial behavior of the kernel complexity of the H-COLORING problem parameterized by the
vertex cover number. In particular, it would be valuable to obtain lower bounds on the kernel com-
plexity of the problem for non-bipartite core graphs H that are not projective. For such graphs H,
it would also be interesting to decide whether the H-COLORING problem admits no sub-quadratic
compression when parameterized by the number of vertices. These are the remaining unresolved
instances of a question raised in [5]. Finally, it would be of interest to explore the kernel complex-
ity of H-COLORING problems under alternative parameterizations, a direction that has already
seen several developments, e.g., in [30, 32, 24].
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